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Introduction

My dissertation is in theoretical asset pricing and the general question I am trying to address
is: How do trading and informational frictions affect asset returns and the allocative efficiency
of markets?

I have been working mainly on the “search frictions” that prevail on over-the-counter (OTC)
markets. Search frictions refer to the necessity to search for counter-parties when trading on
a bilateral market. This search process is time-consuming and of uncertain duration. As a
result, and as shown in the seminal contribution Duffie, Garleanu, and Pedersen [2005], search
frictions lead to an inefficient asset allocation and affect prices. OTC markets are huge and
include essentially all fixed income securities, a vast majority of derivatives, real estate, and
foreign exchange markets.

In the three chapters that my dissertation comprises, I analyze three specific issues related
to search frictions. In the first chapter, I evaluate the cross-market effects of search frictions.
More specifically, I study a general equilibrium model in which investors face endowment risk
and trade two correlated assets; one asset is traded on a liquid market whereas the other is
traded on an illiquid over-the-counter (OTC) market. Endowment shocks not only make prices
drop, they also make the OTC asset more difficult to sell, creating an endogenous liquidity
risk. This liquidity risk increases the risk premium of both the OTC asset and liquid asset.
Furthermore, the OTC market frictions increase the trading volume and the cross-sectional
dispersion of ownership in the liquid market. Finally, if the economy starts with only the OTC
market, then I explain how opening a correlated liquid market can increase or decrease the
OTC price depending on the illiquidity level. The model’s predictions can help explain several
empirical findings.

In the second chapter of my thesis, I study how investors balance two types of illiquidity when
choosing an optimal portfolio. The two types of illiquidity are search frictions, the risk of being
sometimes unable to trade, and transaction costs, the costly opportunity to trade at any time.
More specifically, I study an equilibrium model in which investors hedge endowment risk
on two markets. The first market is centralized and trades can be executed at any time but
against proportional transaction costs. The second market is OTC and trading requires to
search for a counter-party. I show the existence of an equilibrium for any level of transaction
costs and characterize in closed-form how the two frictions jointly modify the risk-premia
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Introduction

on both markets. The transaction costs reduce both the transaction sizes and frequencies
on the centralized market, and affect the price on the OTC market by making hedging more
costly. The prices bargained OTC depend non-monotonically on the transaction costs on the
exchange. I link my results to recent regulatory proposals and show how taxing CDS trading
may both increase of decrease the cost of debt financing.

In the third and last chapter, which is joint work with Julien Cujean,! we evaluate the joint
effect of search frictions and asymmetric information on the allocative efficiency of a market
and the cost of providing liquidity. More specifically, we study how transparency, modeled as
information about one’s counterparty liquidity needs, affects the functioning of an OTC market.
In our model, investors hedge endowment risk by trading bilaterally in a search-and-matching
environment. We construct a bargaining procedure that accommodates information asymme-
try regarding investors’ inventories. Both the trade size and the trade price are endogenously
determined. Increased transparency improves the allocative efficiency of the market. However,
it simultaneously increases inventory costs, and leads to a higher cross-sectional dispersion
of transaction prices. For investors with large risk exposure, the increase of the inventory
costs dominates the benefits of the market efficiency. We link the model’s predictions to
recent empirical findings regarding the effect of the TRACE reporting system on bond market
liquidity.

Key words: Asset Pricing Theory; Over-the-Counter Markets; Search Frictions; General Equi-
librium; Information Asymmetry

IRobert H. Smith School of Business, University of Maryland, 4466 Van Munching Hall, College Park, MD
20742, USA; +1 (301) 405 7707;www.juliencujean.com; jcujean@rhsmith.umd.edu.
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Introduction (Francais)

Ma thése est en théorie de la valuation des actifs et jétudie comment les frictions dans
I'exécution des transactions et les frictions d’asymétrie information modifient les rendements
des actifs et I'efficience allocative des marchés.

Je me suis concentré sur les “frictions de recherche” (search frictions en anglais) que 'on
rencontre sur les marchés de gré a gré (over-the-counter markets ou OTC markets en anglais).
Les frictions de recherche sont le temps nécessaire a trouver une contrepartie lorsque 1'on
souhaite exécuter une transaction sur un marché bilatéral. Cette recherche est cofiteuse
en temps et de durée incertaine. Comme montré dans une influente publication de Duffie
et al. [2005], il suit que les frictions de recherche induisent une allocation des actifs qui est
inefficiente et modifie les prix de transaction. Les marchés de gré a gré sont énormes et
comprennent essentiellement tous les marchés obligataires, une large majorité des marchés
de dérivés, 'immobilier, et les marchés de devises.

Dans les trois chapitres des ma these, je consideére trois questions liées aux frictions de
recherche. Dans le premier chapitre, j’analyse |'effet transversal des frictions de recherche a
travers différents marchés. Pour étre plus spécifique, j’étudie un modele d’équilibre général
dans lequel des investisseurs mitigent leur risque de dotation a l'aide de deux actifs dont
les fondamentaux sont corrélés. Un des actifs s’échange sur un marché liquide alors que le
second s’échange sur un marché de gré a gré illiquide. Les chocs de dotation ne font pas
seulement chuter le prix des actifs, ils rendent aussi la liquidation de I'actif échangé de gré
a gré plus difficile, ce qui induit de maniere endogene un risque de liquidité. Le risque de
liquidité augmente la prime de risque de l'actif illiquide, mais aussi celle de I'actif liquide. De
plus, les frictions de recherche augmentent le volume d’échange et la dispersion transversale
des positions choisies sur le marché liquide. Finalement, si I’économie débute uniquement
avec un marché de gré a gré, je montre comment I’ouverture du marché liquide peut, selon
le niveau des frictions, augmenter ou réduire le prix de I'actif illiquide. Les prédictions du
modele peuvent nous aider a expliquer plusieurs résultats empiriques documentés dans la
littérature.

Dans le deuxiéme chapitre de ma these, j’étudie comment des investisseurs choisissent leur
portefeuille lorsqu’ils font face a deux types d’illiquidité. Ces deux types d’illiquidités sont les
frictions de recherche, soit le risque de ne pas toujours étre capable d’échanger un actif, et
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Introduction (Francais)

des cofits de transaction, soit la possibilité d’échanger un actif a tout moment mais contre
le paiement d'une commission. Pour étre plus spécifique, j’étudie un modele dans lequel
des investisseurs mitigent leur risque de dotation sur deux marchés. Le premier marché est
une bourse sur laquelle des transactions peuvent étre exécutées a tout moment mais contre
le paiement d'une commission proportionnelle au montant échangé. Le second marché est
un marché de gré a gré sujet a des frictions de recherche. Je montre |’existence et I'unicité
d’un équilibre pour n'importe quel niveau de cofits de transactions et caractérise en forme
analytique comment les deux frictions se combinent pour modifier la prime de risque sur
les deux marchés. Les cofits de transaction réduisent tant la taille que la fréquence des
transactions et modifient les prix négociés de gré a gré en rendant la mitigation des risques
sur I'autre marché plus cofiteuse. Les prix négociés sur le marché de gré a gré dépendent de
maniere non monotone des cofits de transactions pratiqués sur la bourse. Je tire des paralleles
entre les prédictions de mon modele et des propositions récentes concernant la régulation des
marchés financiers. Je montre, par exemple, comment une taxation des transactions sur les
dérivés de crédits (credit default swaps) pourrait augmenter ou réduire le cotit du financement
obligataire.

Le troisiéme et dernier chapitre de ma thése est un travail commun avec Julien Cujean.?

Dans ce chapitre, nous évaluons 'effet conjoint des frictions de recherche et de I’asymétrie
d’information sur l'efficience de I'allocation des actifs sur un marché de gré a gré et sur les
co(it induits par une activité d'intermédiation. Pour étre plus précis, nous étudions comment
la transparence, modélisée comme une information concernant les besoin de liquidité de
sa contrepartie, détermine le fonctionnement d'un marché de gré a gré. Dans notre modele,
des investisseurs mitigent leur risque de dotation en échangeant un actif sur un marché
bilatéral affecté par des frictions de recherche. Nous proposons une procédure de négociation
(bargaining) qui prend en compte I'asymétrie d'information concernant les expositions des
investisseurs. Tant la quantité échangée que le prix négocié sont déterminés de maniere
endogeéne. Un transparence accrue améliore I'efficience de 'allocation de I'actif. Toutefois,
cette transparence accrue augmente également les cotits d'inventaires et induit une plus
grande dispersion transversale des prix de transactions. Pour les investisseurs avec une large
exposition a I'actif, 'accroissement des cofits d'inventaires domine les bénéfices induits par les
gains d’efficience. Nous tirons des paralléles entre les prédictions du modele et des résultats
empiriques récents concernant le systeme TRACE et son effet sur la liquidité des marchés
obligataires américains.

Mots-clés: théorie de la valuation d’actif, marchés de gré a gré, frictions de recherche, équilibre
général, asymétrie d’'information

2Robert H. Smith School of Business, University of Maryland, 4466 Van Munching Hall, College Park, MD
20742, USA; +1 (301) 405 7707;www.juliencujean.com; jcujean@rhsmith.umd.edu.
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1] Equilibrium Asset Pricing with both
Liquid and Illiquid Markets

I! study a general equilibrium model in which investors face endowment risk and trade two
correlated assets; one asset is traded on a liquid market whereas the other is traded on an
illiquid over-the-counter (OTC) market. Endowment shocks not only make prices drop, they
also make the OTC asset more difficult to sell, creating an endogenous liquidity risk. This
liquidity risk increases the risk premium of both the OTC asset and liquid asset. Furthermore,
the OTC market frictions increase the trading volume and the cross-sectional dispersion of
ownership in the liquid market. Finally, if the economy starts with only the OTC market, then
I explain how opening a correlated liquid market can increase or decrease the OTC price
depending on the illiquidity level. The model’s predictions can help explain several empirical
findings.

1.1 Introduction

Today, many assets are traded increasingly, or even exclusively, in over-the-counter (OTC)
markets. For example, essentially all fixed income securities and a vast majority of all exist-
ing derivatives are traded OTC. Even for liquid stocks, large block trading among financial

11 thank my advisor Semyon Malamud for his continued guidance. I also thank Jules van Binsbergen, Pierre
Collin-Dufresne, Julien Cujean (Gerzensee discussant), Jerome Detemple, Jens Dick-Nielsen, Larry Epstein, Riidiger
Fahlenbrach, Nicolae Garleanu, Michel Habib Julien Hugonnier, Benjamin Junge, Peter Kyle, Emmanuel Leclercq,
Albert Menkveld (Rotterdam discussant), Igor Makarov, Gustavo Manso, Christine Parlour, Lasse Pedersen, Ailsa
Roel, Marzena Rostek, Norman Schiirhoff, Bruno Strulovici, René Stulz, Alexei Tchistyi, Johan Walden, and Ramona
Westermann for their comments and suggestions. In addition, I thank the participants in the Doctoral Workshop in
Finance in Gerzensee, the 4th European Summer School in Financial Mathematics, the North American Summer
Meetings 2012 of the Econometric Society, the European Meetings 2012 of the Econometric Society, the Gerzensee
Search and Matching in Financial Markets Workshop, the Pre-seminar in Finance at Haas-Berkeley, and the Sixth
Erasmus Liquidity Conference, Copenhagen Business School, Paris Dauphine, EPFL (Brown Bag), University of
Geneva, HEC Paris, Université Laval, Norwegian School of Economics, University of Rochester (Simon), Rotterdam
School of Management, and Stanford GSB . I am especially grateful to Darrell Duffie for his suggestions.



Chapter 1. Equilibrium Asset Pricing with both Liquid and Illiquid Markets

institutions is typically done off-exchange. Trading in OTC markets requires searching for a
suitable counter-party and bargaining over the exact terms of the transaction. In an important
contribution, Duffie et al. [2005] model the functioning of an OTC market and show how search
frictions affect prices and make the equilibrium allocation of the asset inefficient. A logical
question follows as to whether investors hedge the inefficiently allocated asset by trading more
liquid instruments with correlated cash-flows. In this paper, I address this question and show
how illiquidity due to search frictions spills over to liquid markets, affecting holdings, trading
volumes, and risk premia.

Prime examples of securities offering exposure to the same fundamentals but with different
levels of liquidity are bonds and credit default swaps (CDSs). Both bonds and CDSs are
traded OTC, but CDSs are typically more liquid.> Further examples include mortgages and
collateralized debt obligations (CDOs), CDSs and index CDSs, options and index options,
forwards and futures contracts, and real estate assets and property total return swaps. In all of
these pairs, the first asset is less liquid and traded OTC.

The possibility of trading liquid securities may have a non-trivial effect on the transactions
bargained on the OTC market. At the individual level, it improves each investor’s outside
option by increasing the set of investment opportunities. However, it also improves the outside
options of an investor’s trading counter-parties, leading to equilibrium feed-back effects on the
bargaining outcome. At the same time, the search friction on the OTC market creates demand
for the liquid asset that is not driven by its fundamentals, leading to illiquidity spillovers. The
effect of these spillovers on the equilibrium prices of both the liquid and illiquid assets is a
priori unclear and can only be quantified in a general equilibrium model. In this paper, I
propose and analyze such a model.

I consider an economy in which risk-averse investors share endowment risks by trading two
imperfectly correlated assets. The first is traded in a frictionless way on an exchange, whereas
the second is traded on an illiquid OTC market.? T adopt the framework developed by Duffie

2A number of features make CDSs more liquid than bonds. First, a CDS contract on a bond issuer offer a
homogeneous alternative to a possibly very fragmented bond market. Second, CDSs are derivatives and, as a
result, new contracts can be created when needed and there is no need to locate an existing contract. Longstaff,
Mithal, and Neis [2005] further discuss the relative liquidity of CDS and bond markets. They argue that the frictions
on the CDS market are negligible when compared to those on the bond market. Another important difference is
that trading a CDSs is far less capital intensive than trading bonds. This difference in the margin requirements
increases CDS trading volumes at the expenses of bond trading, which makes CDS trading even cheaper when
compared to bond trading. The difference in margin requirements is the object of, for instance, Basak and Croitoru
[2000] and Géarleanu and Pedersen [2011], and is not explicitly modeled in this paper.

3In my model, there is a dichotomy between the (perfectly) liquid and illiquid markets. This is for ease of
exposition and my conclusions are also relevant for pairs of markets that are “unequally illiquid”. Again considering
the CDS-bond pair, it is true that CDS markets are not perfectly liquid. For example, Bongaerts, de Jong, and
Driessen [2011] and Junge and Trolle [2013] find that illiquidity is priced on CDS markets. Still, CDS markets are
usually liquid when compared to the underlying bond market, and investors typically hedge a bond portfolio with



1.1. Introduction

et al. [2005] to model the OTC market. In this framework, investors are matched randomly over
time and the Nash bargaining solution characterizes the bilateral trades. Illiquidity, measured
by the expected search time between two meetings, affects investors both because contacting
trading partners is time consuming and because prices are not competitive.

Investors on the OTC market use the liquid asset as an imperfect substitute for the illiquid
asset. Specifically, investors hedge their temporary sub-optimal exposure with the liquid
instrument.* Due to this effect, the trading volume on the liquid market is always higher in
the presence of the OTC market. Interestingly, the strictly positive increase in the trading
volume sometimes persists even in the limit of vanishing search frictions. I also show that the
dispersion of holdings in the liquid asset increases in the illiquidity of the OTC market. This
prediction is consistent with the recent empirical findings of Oehmke and Zawadowski [2013]
regarding bond and CDS markets. Oehmke and Zawadowski [2013] document an average net
exposure on the CDS market that increases in the illiquidity of the bond market.

I now discuss how the frictions on the OTC market affect the expected returns of the liquid
asset. I explicitly characterize the equilibrium response of the liquid asset to the frictions
on the OTC market, and show that the spillover effect is driven by illiquidity risk and not
by the illiquidity level alone. The mechanism is as follows: An aggregate shock to investors’
hedging demand changes the imbalance between buyers and sellers on the OTC market. This
imbalance determines the rate at which the illiquid asset is reallocated. The endogenous
relationship between the preference shocks and the search friction makes the allocative
efficiency of the OTC market time-varying. In equilibrium, agents require a premium for
taking exposure to this non-fundamental risk and the correlation between the efficiency of
the OTC market and the returns on the liquid asset is priced. When the risk profiles of the two
assets are sufficiently similar, the allocative efficiency is positively correlated to the returns of
the liquid asset. This means that the liquid asset performs poorly exactly when liquidating
one’s illiquid portfolio becomes more difficult, and this command a positive risk premium on
the liquid asset. This model prediction is consistent with the conclusions of several empirical
studies. For example, both Tang and Yan [2006] and Lesplingart, Majois, and Petitjean (2012)
show that CDS spreads increase with the illiquidity of the underlying bonds. Das and Hanouna
[2009] show how these same CDS spreads increase with the illiquidity of the debt issuer’s
stock.® The pricing of illiquidity risk also has interesting connections with the literature on

CDS contracts and not the other way around.

4This type of behavior is not restricted to OTC markets. For example, stock index futures may be traded instead
of re-balancing a diversified stock portfolio. Even if each stock is traded on an exchange and relatively liquid,
trading one liquid futures is faster, less costly, and more convenient than re-balancing a diversified stock portfolio.
Also, exchange-traded funds (ETFs) give investors the opportunity to conveniently adjust their exposures to stocks,
bonds, commodities, or currencies. See Greenwich [May 2012] for a survey documenting the use of ETFs as an
alternative to trading the underlying market.

5When comparing these empirical studies to the model’s predictions, the returns on the liquid asset should be
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long-run risk, pioneered by Bansal and Yaron [2004]. Namely, as it may take a long time for the
market to recover after a liquidity shock, illiquidity leads to endogenous long run risk in the
economy. This long run risk is priced, and its price depends on the long run value of future
liquidity for an investor, expressed by the corresponding certainty equivalent.

Conversely, the liquid market has two effects on the OTC market. On the one hand, it mitigates
the search frictions and reduces the illiquidity discount, pushing the price on the OTC market
up. On the other hand, the liquid market diverts some of the illiquid asset’s value as a risk-
sharing instrument, pushing the OTC price down. The strength of these two effects depends on
the risk profiles of the assets and the severity of the search friction. Evaluating the overall effect
of the liquid market thus raises the following question: What is a meaningful combination of
risk profiles and illiquidity level?

Looking at bonds and CDSs, or at mortgages and CDOs, or at any of the pairs listed above,
we always observe the same pattern: The illiquid OTC market existed first and then the
liquid market was created by financial intermediaries. The financial innovation is typically
initiated either by an exchange or, if the new security trades OTC as well, by the dealers that
will intermediate trades on the newly created market. In both cases, the intermediaries are
interested in creating an active market.

Motivated by these examples, I put more structure into my model by endogenizing the risk-
profile of the liquid asset. I assume that intermediaries select the liquid asset that maximizes
the trading volume. Next, I compare the prices on the OTC market with and without the liquid
asset. The risk profile of the optimal liquid asset is a weighted average of two risk profiles.
The first profile is that of the illiquid asset, the second is the profile that would be optimal in
terms of risk-sharing. I show that the weight on the profile of the illiquid asset is monotone
increasing in the liquidity of the OTC market because, with a more active OTC market, there
is more trading volume to capture. Perhaps paradoxically, this also means that the search
frictions are easier to mitigate when they are smaller in the first place. Overall, the endogenous
liquid asset increases the price on the OTC market when the search friction is sufficiently
strong, but decreases it otherwise. Thus, the mitigation of the illiquidity discount dominates
when the frictions on the OTC markets are strong enough, but the diversion of risk-sharing
value away from the OTC market dominates otherwise.

This ambiguous equilibrium behavior is consistent with empirical findings regarding CDS
trading and bond spreads. For example, Ashcraft and Santos [2009] find that the onset of
CDS trading does not decrease the bond yield of the average firm, despite the new hedging
opportunities. In my model, this corresponds to the illiquid market (the bond market) being at

understood as the returns on a CDS contracts for a protection seller. Indeed, holding a bond or selling protection
on a CDS market offer essentially the same exposure to credit risk.
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the threshold where the mitigation and diversion effects compensate each other. Differently,
Saretto and Tookes [2013] find that CDS trading may have made debt financing less costly, but
did so by relaxing only the “non-price” terms of debt.® In my model, this corresponds to the
parameter range for which the mitigation effect dominates, meaning the range over which the
trading frictions on the illiquid (bond) market are rather severe.

Finally, Das, Kalimipalli, and Nayak (2013) study empirically the interactions between CDS
and bond markets and focus on informational efficiency. They provide “[...]evidence of a
likely demographic shift by large institutional traders from trading bonds to trading CDS in
order to implement their credit views, resulting in declining efficiency and quality in bond
markets.” The same mechanism drives the findings in Das, Kalimipalli, and Nayak [2013] and
the equilibrium behavior of my model. Specifically, Das et al. [2013] show how a CDS market
diverts some trading away from the bond market, how this reduces the value of the bond, and
how this reduction dominates any other benefits brought by the new market. This mechanism
coincides with the equilibrium behavior of my model when the search frictions on the OTC
market are not too severe.

Literature Review My paper builds on the literature considering the general equilibrium
impact of trading frictions. These frictions can be the transaction costs on centralized markets,
as in Lo, Mamaysky, and Wang [2004], Acharya and Pedersen [2005], Garleanu and Pedersen
[2013], and Buss and Dumas [2013], or the search and bargaining frictions on OTC markets.’

The analysis of the search and bargaining frictions on OTC markets started, to a large extent,
with Duffie et al. [2005]. Duffie et al. [2005] a model of OTC trading that shares features with
job market models such as Diamond [1982].2 The model that is most closely related to mine is
Duffie, Garleanu, and Pedersen [2007]. They also study bilateral trading in OTC markets with
risk-averse agents. In comparison with Duffie et al. [2007], my main contribution is to model a
second, liquid market and to study the interactions between the liquid and OTC markets. On
the methodological side, I provide an existence and uniqueness argument that is also valid
in Duffie et al. [2007]. In addition, I allow for more general aggregate shocks in the dynamic
analysis of the model. Further references in asset pricing with search and bilateral trading
include Weill [2008], Vayanos and Weill [2008], and Afonso and Lagos [2011]. A closely related
strand of research considers centralized markets to which investors have intermittent and
sometimes costly access. References in this strand include Lagos and Rocheteau [2007], Weill
[2007], Lagos and Rocheteau [2009], and Garleanu [2009]. In all these references, investors

6The non-price terms of a bond are its maturity, notional, and its many contract details (amortization, default
triggers, embedded options, etc).

"Further trading restriction include portfolio constraints, margin requirements, and limited market participa-
tion. References in this literature include Merton [1987], Basak and Cuoco [1998], and Hugonnier [2012].

8See Mortensen [1987] or Rogerson, Shimer, and Wright [2005] for surveys of search models in labor economics.



Chapter 1. Equilibrium Asset Pricing with both Liquid and Illiquid Markets

trade on a unique market. My setting is also related to the one in Ang, Papanikolaou, and
Westerfield [forthcoming], even if Ang et al. [forthcoming] focus on a porfolio problem in
partial equilibrium. An extreme case of my model, the case in which trade on the OTC market
is impossible, is related to the analysis in Longstaff [2009].

My paper also relates to the literature considering the interactions of different market struc-
tures. See, for example, Pagano [1989], Rust and Hall [2003], Miao [2006], and Vayanos and
Wang [2007]. In these models, agents must execute a single trade and balance the benefits of a
better price against a costly search. In contrast, in my model, investors trade repeatedly on
both markets. Vayanos [1998] and Huang [2003] also analyze models in which agents trade
assets with different liquidity levels. In both cases, however, the illiquidity is modeled by
exogenous transaction costs. Exogenous and constant transaction costs cannot capture the
endogenous and time varying interaction between demand shocks and illiquidity. Parlour and
Winton [2013] discuss the role of monitoring when a bank chooses between selling loans and
buying CDS protection. Biais [1993], Yin [2005], and De Frutos and Manzano [2002] statically
compare prices on centralized and fragmented markets.

My paper is also related to the literature on hedging demand as a determinant of illiquidity
discounts. In the context of bond markets, this mechanism is discussed, for instance, by Duffie
[1996], Duffie and Singleton [1997], Krishnamurthy [2002], and Graveline and McBrady [2011].

My discussion of illiquidity spillovers is related to the literature that investigates contagion
effects across markets. References focusing on volatility contagion include Hamao, Masulis,
and Ng [1990], Lin, Engle, and Ito [1994], Kyle and Xiong [2001], Kodres and Pritsker [2002], and
Hasler [2013]. References such as Chordia, Sarkar, and Subrahmanyam [2005] and Mancini,
Ranaldo, and Wrampelmeyer [2013] document the cross-market effects of both returns and
liquidity. My model explicitly describes a channel for illiquidity spillover effects.

Finally, the endogenous choice of the liquid asset in my model is similar to the security design
setting in Duffie and Jackson [1989].

The outline of the paper is as follows. Section 1.2 introduces the model. Section 1.3 analyzes
the investor’s problem. Section 1.4 describes the population dynamics. Section 1.5 solves for
an equilibrium. Section 1.6 considers the impact of aggregate demand shocks. Section 1.7
discusses the impact of the liquid market on the OTC market. Section 1.8 concludes.

1.2 Model

I study an economy in which investors share endowment risk by trading two different assets
on, respectively, a liquid exchange and an OTC market. This model is an extension of Duffie,

6



1.2. Model

Garleanu, and Pedersen [2007].

Assets and investors Two independent aggregate risk factors are described by the Brownian
motions

(Ba,t’Bb,t) >0

Two risky assets, ¢ and d, are exposed to these risk factors. The cumulative dividend payouts
of these assets satisfy

dDC,t =me dr+ ac dBa,[ + bc de,t’

(1.1)
dDd't =mgdt+ay dBa,t+ b, de,t-

These assets are available in net supplies S; and S, respectively. As described below, the asset
c is traded on a centralized market, whereas the asset d is traded on a decentralized, OTC
market. For convenience, I define the vectors

oo [%) o2 [
c bcrd bd

and call them the exposures of the assets ¢ and d, respectively.There is also a risk-free asset,
available in perfectly elastic supply, and paying out dividends at the constant rate r > 0.

The economy is populated by a continuum of investors. [ write p for a normalized measure
over this continuum. Each investor receives an endowment driven both by the aggregate risk
factors and by idiosyncratic shocks. More specifically, the cumulative endowment of investor
i satisfies

dn[=mn dt+ai,t dBa,l‘+bi,t de,l‘! (].2)

and is thus driven by the two aggregate risk factors. The vector of exposures

A |Gt
o Ala 1.3
€it (bi,t) ( )

evolves stochastically. Specifically, the stochastic vector e; ; is a time-homogeneous Markov

9The interest rate is exogenous in all the models of asset pricing with search that I am aware of.
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chain jumping back and forth between two (two-dimensional) values.!? These two values are

and I denote by
-Aiz A
(1.4)
(/121 —/121)

the generator of the Markov chain. The Markov chains are independent across agents.

There are various ways to interpret the idiosyncratic shocks to the vectors of exposures. A
shock could represent a large loss incurred by an individual investing in assets that I do not
model explicitly, significant inflows or outflows experienced by a fund, a significant movement
in the inventory of a dealer, or the underwriting by a bank of a new bond issue. In all of these
cases, an idiosyncratic shock calls for an adjustment of the risk exposure.!! As summarized
by Cochrane [2005], no matter what the exact interpretation of these shocks is, their role is to
keep investors trading with each other.

Trading mechanisms Investors trade the liquid asset ¢ on a centralized market. Investors ac-
cess this market without delay and trade without transaction costs. The only minor restriction
is that the number of shares held by an investor must belong to the range

[-K, K]

at any time, with K > 0 being a fixed, large number.!? Investors also trade the risk-free asset at
any time and without costs.

The other risky asset, d, is traded OTC. Trading d thus requires searching for a counter-party
and negotiating the details of the transaction. The search process is governed by a “random
matching". That is, a given investor gets in touch with another investor at the jump times of
an idiosyncratic Poisson process with intensity A. This other investor is randomly drawn from
across the population of investors. The draws are independent across meetings.

As the meeting intensity A controls the search friction on the OTC market, I call it the liquidity

1011 particular, both components of the vector of exposures jump together.

Hgee Duffie et al. [2005] and Duffie et al. [2007] for discussions of these idiosyncratic preference shocks.

12This constraint is required by the verification argument et prevents doubling strategies. The constraint never
binds in equilibrium when K is chosen large enough, as seen in Proposition 10 below. Garleanu [2009] adopts the
same type of restrictions.
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of the OTC market. Given the dynamics of a Poisson process, the inverse

>

1
Sy

of the liquidity is the expected search time until the next meeting. I call this expected time the
illiquidity of the OTC market.

Taking things together, investors from two separate subsets B and C of the population meet at
the rate

2Au(B)u(C), (1.5)

with ¢ being a measure on the set of investors. There is a factor 2 because the agents in B can

both find an agent in C and be found by one.!3'4

Once two agents have met, they bargain over a possible trade in the illiquid asset d. Specifically,
they decide whether or not to exchange © > 0 units of the asset and, if so, at which price. The
outcome of the bargaining is given by the generalized Nash bargaining solution. © is an
exogenous constant and the possible holdings in the illiquid asset d are restricted to two
values, zero and ©.1°

Working with a continuum of agents makes the model tractable and isolates the effect of search
frictions from, say, concerns of reputation or punishment. Moreover, actual OTC markets
often involve large numbers of investors and dealers, making a detailed modeling of the entire
market infeasible. For example, more than 600 dealers appear in the sample of corporate bond
trades analyzed by Schultz [2001]. Similarly, Li and Schiirhoff [2012] study a network of several
hundred municipal bond dealers.'®

13This statement is intuitive but non-trivial. More specifically, it assumes a certain Law of Large Numbers.
See Duffie and Sun [2011] for the rigorous treatment of this issue in discrete time and Footnote 35 for a similar
discussion.

14When appropriate, statements in this paper should be understood as holding almost surely.

15The assumption of a fixed transaction size is restrictive but both convenient and common. With fixed
transaction size, the bargaining regarding the size of a transaction is reduced to accepting the trade or not.
Alternatively, Lagos and Rocheteau [2007], Lagos and Rocheteau [2009], and Garleanu [2009] let investors choose
their holdings freely, but model an intermittent access to a centralized market instead of bilateral meetings. Afonso
and Lagos [2011] and Cujean and Praz [2013] model bilateral markets with endogenous portfolio holdings.

16This hypothesis of a continuum of agents is common in the literature but sometimes criticized. The main
criticism is as follows. Actual OTC market are often dominated by a limited number of dealers who form the core
of the OTC market and market participants repeatedly and strategically interact with each other. Differently, in a
model with a continuum of agents and random matching, investors never trade twice with the same person and
this feature may prevent the model from capturing the working of actual OTC markets. This criticism is valid but
the advantages of working with a continuum of investors are strong, and I decided to work with a continuum. In
asset pricing with search, Duffie et al. [2005], Duffie et al. [2007], Vayanos and Wang [2007], and Weill [2007], for
instance, model a continuum of investors who trade bilaterally. Alternatively, papers such as Gofman [2010], Gale
and Kariv [2007], Malamud and Rostek [2012], and Babus and Kondor [2013] study decentralized trading among a
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My second comment regards the matching technology (1.5). Other specifications exist in the
literature.!” However, the matching technology (1.5) has two advantages. First, as argued
in Weill [2008], it results from an explicitly specified search process and the existence of this
random matching is, partly, justified by the discrete time results in Duffie and Sun [2011].
Second, it exhibits increasing returns to scale. In the context of real assets, Gavazza [2011]
argues that increasing returns to scale is an intuitively appealing and empirically important
feature of search markets.

Preferences Each investor i maximizes her expected utility from consumption. Her utility
function U has a constant coefficient of absolute risk aversion y > 0 (exponential or CARA
utility), meaning that

U:c——e 7,

and their subjective rate of discounting is p > 0. The consumption and investment policy of i
is thus dictated by the optimization

Fiol, (1.6)

f e P*U (¢,) du
0

supE
¢
with the admissible consumption processes ¢ satisfying certain conditions defined below and
Zi being all the information available and relevant to i at time 0.

The payouts of the risky assets, defined in (1.1), are independent and identically distributed
across time. Furthermore, the idiosyncratic exposure shocks defined by (1.4) offer a unique
and stable stationary distribution of types 1 and 2 across the population. As a result, I expect
all the aggregate quantities to be constant in the long run and I focus my analysis on this
asymptotic, stationary case.'®!9 In a stationary equilibrium, the information set %; o only
contains idiosyncratic quantities and the individual problem (1.6) becomes

o wg = w
V(w,i@)ésupEf e PhU@E,) du| e = e |, (1.7)
¢ 0
6 = 0

with wy being the wealth invested by i at time zero in either the liquid risky asset c or in the

finite number of investors.

17\Weill [2008] and Inderst and Miiller [2004], for instance, use more general matching technologies to study
search problems in finance.

181 consider the impact of aggregate risk in Section 1.6.

19The cross-sectional distribution of wealth is not necessarily constant over time. However, the equilibrium
policies are independent of the wealth, thanks to the CARA preferences, and this non-stationarity has no impact
on the equilibrium portfolios and prices.

10
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risk-free asset, eg being i’s vector of exposures at time zero, and 6, € {0, 8} being i’s holdings
in the illiquid asset at time zero. The optimization takes place over the set of consumption
processes that satisfy the budget and admissibility constraints discussed below.

Budget constraint The consumption and trading of an investor must be consistent with the
dynamics of her wealth. Specifically,

div, = riv,dt— & dt+ dn,+80, dDy; + 7, (dD¢; — rP. dt) — Py dfy, (1.8)

with 7 ; being the number of shares of the liquid asset ¢ held at time ¢, P, being the price of the
liquid asset ¢ and P, being the price of the illiquid asset d. As the asset d is traded bilaterally,
defining the dynamics of the holdings 8, in d and the price P, at which it trades requires some
extra care.

Two investors trade the asset d if the transaction is in their best interest. Investor a sells the
illiquid asset to investor b if there exists a price P that satisfies both

V(wa+0©Py,iq0) =V (wg,ig,©), (1.9)
meaning that it is rational for a to sell, and
V(wp—©P,,i,0) =V (wp, i,0), (1.10)

meaning that it is rational for b to buy.2? If a trade is rational for the two counter-parties, the
Nash bargaining solution determines the transaction price P;. That is, P, satisfies

P, € argmax
Py

~ _ . Ne
{ (V(wa+©P4,iq,0) =V (wg,iq,0)) } (1.11)

(V(wp—OPy, iy, ©) = V (wp, i, 0)) "

with ng € (0, 1) being the bargaining power of the seller and 179 = 1 —ng being the bargaining
power of the buyer.

The bilateral trading introduces a structure of rational expectations in the investor’s problem.
An investor takes as given both her own value function and those of the counter-parties she
will meet. This investor then deduces the prices at which she will trade the illiquid asset, and
deduces her own actual value function. A solution to the investor’s problem thus consists
in rational expectations regarding the value functions. I must still impose certain regularity
conditions on the consumption processes.

20The wealth of a prior to the trade is wyg, its vector of exposures is ej,, etc.

11
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Regularity The wealth process w satisfies
lim e PTE[e "7"1] = 0. (1.12)
T—o0

The requirement (1.12) excludes pathological wealth processes and is needed in the verifi-
cation argument for the Hamilton-Jacobi-Bellman (HJB) equations.?! Pathological wealth
processes include doubling strategies and the “financing” of consumption by an ever increas-
ing amount of debt.

Finally, for ease of exposition, I restrict the model parameters as follows.

Assumption 1. The dynamic of the exposure shocks, as described by (1.4), and the supply S,
of the illiquid asset d satisfy

A1z A21
e
/112+/121 a /112"‘/121

Also, the vectors ey, e., and e; — e, are not collinear. O

Assumption (1) prevents the lengthy treatment of non-generic cases.??

1.3 The Investor’s Problem

I characterize the solution to the investor’s problem (1.7) by the dynamic programming ap-
proach, meaning that I deduce the optimal consumption and trading policy from a HJB

equation.?3

Along an optimal path (7*,8%, c*, w*), the process

t [ee]
(f e_psU(c;‘)ds+e_p’V(w*,it0,f)) =(E[f e PU(cy) ds| F,
0 =0 0

)Z’ZO

must be a martingale. Equating the expected dynamics of this process to zero and assuming
that pointwise maximization characterizes the optimal consumption and investment policy

21The verification argument is the Appendix A.

22 endogenize the risk-profile e, in Section 16. The assumption regarding the non-collinearity of the vectors of
exposures will hold in this case if e; and e] — e are not collinear

23The idiosyncratic exposure shocks and the idiosyncratic search processes make the markets incomplete.
Further, the illiquid holdings can only be adjusted at stochastic times and are restricted to two values. A martingale
approach along the lines of Karatzas, Lehoczky, and Shreve [1987] and Cox and Huang [1989] does not seem easily
applicable.

12
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yields the HJB equation

pV(w,i0) =sup U(¢)

C,7

ov . B B
+%(w,19)(rw—c+ my+0mg + 7 (me—rP.))

LRV ] . (1.13)
+5—6w2(w,19)(1 0 n)Zi(l 0 ”)
+ A (V(w,i0) - V(w, i0))
+2A B [1gurpius (V(w = (0 - 0) Py, i0)) - V(w,1,0))],
with the matrix of covariations
Al Tt
Zi=ad< Dd,t ;(nt Dd,t DC,I)>
D¢,
(1.14)
alg+b? aiag+b;b; ajac+b;b,
= aiad+bibd afi'i‘b; acad+bcbd ’
a;ac.+bib, acay+b:bg a%+ b

for i € {1,2} and 6 € {0,0}.242% On the right-hand side of (1.13), the fifth line represents the
utility gains resulting from trading on the OTC market. The indicator function

1 surplus

appears in the equation because not every meeting results in a trade. More specifically, two
investors only exchange the illiquid asset if they have a surplus to share, meaning that both
(1.9) and (1.10) hold. Furthermore, the transaction price P; may depend on the counter-party
b and is characterized by (1.11). The other terms on the right-hand side of (1.13) refer to
the current consumption, the drift and volatility of the wealth, and shocks to the vector of

exposures. To characterize, the solution to (1.13) I make the following assumption.?8

Assumption 2. The value functions satisfy
V(w 19) — _e—a(w+a(i0)+é)

for a set of numbers a € R, a € R*, and a € R to be characterized. O

Assumption 2 will be justified ex post by an existence result. Conditional on Assumption 2, the

24T write “” for “the other possible value”. For example, if i = 1, then i = 2.

25For convenience, I index the entries of £; by i, d, and c.

26Thjs functional form is standard for problems similar to the one at hand. It is used, among others, by Duffie,
Garleanu, and Pedersen [2007], Vayanos and Weill [2008], and Garleanu [2009].

13
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optimal policy of the investors is known in closed-form. First, the trading on the OTC market
occurs as described below.

Proposition 3 (OTC trading). On the OTC market, investors trade as follows.

1. Investors with exposure type 1 sell the illiquid asset to those with type 2 exposure when
a(20) —a(20) > a(10) — a(10). (1.15)
In particular, the decision to trade does not depend on the wealth of the investors.
2. Investors with exposure type 2 sell the illiquid asset to those with type 1 exposure when
a(20) —a(20) < a(10) — a(10). (1.16)
The decision to trade does not depend on the wealth of the investors either.

3. Ifai-investor sells the illiquid asset to a i-investor, the transaction price P is the unique
solution to

(1-n0) (1 _ ea(a(i0)+Pd®—a(i®))) =10 (1 _ ea(a(i@)—Pd@—a(EO))) . (1.17)

This solution is available in closed-form.?’

Proof. See Proof 38 in Appendix D. O

The proposition shows that the bargaining outcomes on the OTC market depend on the
exposures (and holdings) of the counter-parties but not on their wealth. As investors are only
interested in the rest of the population to the extent that it represents potential counter-parties,
I call type of an agent the combination of her exposure, indexed by 1 or 2, and her illiquid
holdings, 0 or ©.

The characterization of the transactions on the OTC market in terms of inequalities (1.15) and
(1.16) is intuitive. Recalling Assumption 2 regarding the value functions, the difference

v(i®) -v(i0), i=1,2,

27Equation (1.17) is quadratic in
A
x=exp(a®Py) (>0)

and admits a unique positive solution. This unique solution readily defines P,;.

14
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is the reservation value of a i-agent for the illiquid asset. Inequality (1.15) thus states that the
reservation value of the 2-agents is higher than that of the 1-agents. In this case, the 2-investors
buy the illiquid asset from the 1-investors. Inequality (1.16) is just the opposite.

I can also characterize the optimal consumption and investment in the liquid asset.

Proposition 4 (Consumption and Liquid Holdings). The optimal consumption is
. 1 . _ a
c(if) = — (a (w+a(if) + a) —log(—))
Y Y
and the optimal holdings in the liquid asset are

. 1 (1
n(i0) = — (_ (me—1P¢) — (Zic +zcd)) , (1.18)
2 a

cc

for any type i0 and liquid wealth w.
Proof. See Proof 39 in Appendix D. O
Combining the HJB equation (1.13) with Lemma 3 and Lemma 4 provides a narrower charac-
terization of the value function.
Proposition 5 (Value Functions). The constants in the value function

V(w,i0) = —exp (—a (w+ a(if) + a)),
are characterized as follows. First, a = ry. Furthermore, choosing

1 P
a_r—y(—1+;+ymn+log(r)), (1.19)

. . N A , . .
and taking the cross-sectional distribution of types @ {“(19)}1'9 as given, the type specific
constants “a(if) " are the unique solution to the system

—ry(a(i0)-a(i0)) _ N , -
ra(if) =x(if) +A,-;(e |+ 200 [M ’
“ry —ry (1.20)
ie€{l,2},0 €{0,0},
with the quantity
A _ 1 . )"
x(i0) 20my + n(i0) (me — rP,) — Ery(l 0 n(l@)) X (1 0 ﬂ(l@)) , (1.21)
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measuring the mean-variance benefits of the risk-profile, the function
€ip :{atip — a(if) — a(if) + a(if) — a(i6) (1.22)

measuring the surplus that a i0-investor may be able to share on the OTC market, and the
function

¥:0,1) xR—R

2(1-n) . (1.23)
1-2n++/(@2n—-D%+4n(1 -n)e’re

(n,€) —

mapping a bargaining power and a surplus to the utility change induced by a trade OTC.?8:2%-30

Proof. See Proof 40 in Appendix D. O

Equation (1.20) decomposes the expected utility of an agent into the sum of three terms. First,
there is a flow of mean-variance benefits resulting from an investor’s risk profile. Second, there
are the shocks to the vector of exposures. Finally, there are the benefits resulting from trading
on the OTC market. The benefits resulting from trading on the liquid market do not appear
explicitly in Equation (1.20) but are contained in the flow “k (i8)" of mean-variance benefits.

Intuitively, the quantity
# 2 (x(20) - k(20)) + (x(10) — K (10)) (1.24)

indicates whether transferring the illiquid asset from a 10-investor to a 20-investor increases
the overall flow of mean-variance benefits.3! . should then also indicate whether a sale of
the illiquid asset by a 10-investor to a 20-investor is profitable in equilibrium or not. As stated
in Proposition 10 below, this is indeed the case. To characterize an equilibrium, I must first
characterize the distribution of types across the population.

281 abuse notation and write i both for a measure on the set of investors and for the distribution of the type of
the investors under p. u defines the type distribution but not the other way around.

291 write [x]* a max{0, x} for the positive part of a number.

30When all investors have the same bargaining powers, ng = 1/2, the function y significantly simplifies. Namely,

-1.

-7
Zx|=
2™ Ver
311 write . like in risk sharing.
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1.4 Cross-Sectional Distribution of Types

The type of a given agent changes either because of a shock in her endowment correlations, or
because she traded on the decentralized market. As described in Proposition 3, two mutually
exclusive trade patterns can exist on the decentralized market, depending on which agents
have the higher valuation. Investors endogenously choose which trading pattern they follow
but, for this section, I assume the following.

Assumption 6. Agents with the exposure type 2 buy the illiquid asset.
Recalling both the dynamics of the endowment correlations assumed in Equation 1.4 and the

linear matching technology assumed in Equation 1.5, the type distribution y must satisfy the
stationary Kolmogorov forward equation

0=p(100 = 2Ap(AO)uRD -2A12pAD)  +Axp2D)
0=0(10) = =2Au(10)ul) -Apu(lh) +Au26) (1.25)
0=p@Rh) = =-2ApuA0)uD -Au@h  +Apu(ll)
0=(020) = 2Au(10)uRlD —2A2u20) +Apu(10)

On the right-hand side of each equation, the first term refers to trading, and the other ones to
endowment shocks.3? Also, u, being a density, must satisfy both

©(10) + u(10) + u(20) + u(20) =1 (1.26)
and
(1(1©), u(10), u(20), u(20)) € RS. (1.27)

Finally, the OTC market has to clear, meaning that every unit of the illiquid asset d must be
held by someone. This is expressed by imposing the condition

O (u(10) + u(20)) = S,. (1.28)

As seen from (1.26), (1.27), and (1.28), the population can absorb at most © units of the asset
d. This imposes the constraint

@)

d

0=s—=1 1.29
) (1.29)

on the exogenous parameters of the model.

32The terms referring to trading only involves trades between agents with different endowment correlation.
However, according to Proposition 3, agents with the same endowment correlations, but different holdings will
also trade. However, as such agents will only swap their types, this has no impact on the distribution of types.
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As shown in Duffie et al. [2005], the system defining the stationary distribution is well-behaved.
I recall their result for convenience.

Proposition 7 (Duffie et al. [2005], Proposition 1). There exists a unique stationary type distri-
bution that is reached from any initial distribution.

Proof. For convenience, I partially recall the argument of Duffie et al. [2005] in Proof 41, in
Appendix D. O

If Assumption 6 fails and 1-investors buy the illiquid asset, then all statements in this section

1.4 are still valid, up to a systematic swap of the indexes 1 and 2.3

There are thus only two possible stationary distribution. I denote the one arising under

Assumption 6 by p'#~2% and the other by y?"~!!. In equilibrium, the trade surplus

ein 2 a(if) - a(i0) + a(i0) - a(i0)
decides which type distribution obtains, in the sense that
(@ = Lieo@>0 472 + Lo @0 7071 (1.30)

The trade surpluses define the trading pattern on the OTC market via the Nash bargaining
solution characterized in Proposition 3. In turn, the trading pattern defines the stationary
distribution of types via the flow equations (1.25).

Finally, it may be useful to consider the behavior of the type distribution when the OTC market
is relatively liquid. The exact asymptotic behavior depends on the relationship between the
supply S, of the illiquid asset and the proportion of investors

A A

He= Az + Az

33gtrictly speaking, I should still consider the borderline case for which all investors have the same reservation
value for the asset and are indifferent between buying and selling the illiquid asset. This case can arise but is
non-generic in the exogenous parameters. Further, when the surplus to share on the OTC market is exactly zero,
I should make additional assumptions regarding when a bilateral trade occurs. For these two reasons, I do not
explicitly analyze this case. In proposition 10 I exactly characterize when this non-generic case arises.
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having a high valuation for this illiquid asset.>*'3° In remaining of the paper I assume

Sa
M2 > 6 (131)
Under this assumption, the “marginal” buyer of the asset d in a Walrasian setting would have
a high valuation for the asset. By marginal buyer I mean the investor that would buy the

additional units of the illiquid asset, should S; be marginally increased.3®

Proposition 8. Under assumption (1.31), the equilibrium density satisfies

©(10) -1
©(1e) w1 1 (1)
= +—=0 +o0(—=|14, 1.32
peoy |~ TR 1T (132)
11(20) -1
with the limit value and sensitivities
_Sa
Sa © Sa
wA |G H Al @
S I T L
H2— G
H2e

and with 1, € R* being the vector whose components are all equal to 1.
Proof. See Proof 44 in Appendix D. O

The asymptotic expressions above can be understood intuitively. The common absolute
value of the four components of the first order correction reflects the functioning of the

34Similarly, I define

A A2

1= 57—
K A2 +A21

as the proportion of investors with a low valuation for the illiquid asset.

35 Recalling (1.4), the description of p as the proportion of 2-investors across the population intuitive. Whether
itis correct or not, however, is far from trivial. Indeed, this statement identifies the proportion of time spent by a
given agent in a given state and the proportion of agents across the population who currently are in that state. This
requires the application of a certain Law of Large Numbers across the population. See Sun [2006] for a rigorous
treatment of this issue.

3611 the derivations could be done assuming the inequality opposite to 1.31. However, assumption 1.31 makes
sure that the illiquidity discount is positive, meaning that the illiquidity of the OTC market decreases the value
of the asset OTC. Thinking about bond markets and the well-documented positive liquidity spreads on bonds,
this seems to be a desirable model feature. For this reason, presumably, assumption (1.31) and variants thereof
recurrently appear in the literature. See, for instance, Condition 1 in Duffie et al. [2005], Equation (1) in Weill [2008],
or Assumption 2 in Vayanos and Weill [2008].
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decentralized market. That is, every time one potential buyer and one potential seller meet,
a transaction occurs, and they become a satisfied holder of the asset d and one satisfied
non-holder, respectively.

1.5 Stationary Equilibrium

In this section I define and characterize an equilibrium of the model. In other words, I make
the individual decisions consistent with the aggregate quantities in the economy.

For the centralized market, I use a classical Walrasian equilibrium concept. Specifically, as
seen in Proposition 4, the only aggregate quantity affecting the liquid holdings is the price
P, of the liquid asset. I thus impose the consistency between the individual and aggregate
quantities by requiring the price P, to be so that the centralized market clears.

Turning to the OTC market, the decisions to trade or not and, if so, at which price, are dictated
by the parametrization

a=1{a(if)}ig
of the value functions (see Proposition 3).

Now, on the one hand, the individual trading decisions on the OTC market yield a certain
type distribution, characterized in Section 1.4. On the other hand, a also depends on the
distribution of types across the population. This is clear at both the intuitive and technical
levels. Intuitively, it is clear because the utility of an investor searching for a counterparty on an
OTC market should depend on the likelihood of finding such a counterparty. Technically, it is
clear because a is a solution to the HJB equation (1.20), an equation in which the distribution

L appears.

I will thus impose the equilibrium condition that the type distribution assumed when writing
the HJB equation (1.20) and the one generated by the solution to (1.20) are equal. I formalize
this discussion as follows.

Definition 9. A stationary equilibrium of the model consists of a price P, (€ R), a collec-
tion of liquid holdings {7(i6)}; (€ R*) corresponding to each type, a distribution of types
{1(i0)}ig (€ R*), and the constants {a(i0)};9 (€ R*) defining the value functions. The equilib-
rium quantities satisfy three conditions.

1. An investor of type i who takes the price P, as given optimally invests the amount
{n(i0)};9 in the liquid asset c.
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1.5. Stationary Equilibrium

2. The centralized market clears, meaning that

EHU9 [7(3i9)] = S,.

3. The value functions and stationary type distribution are consistent. Specifically, the
vector

a={a(if)};p

solves the HJB equation (1.20) when the type distribution is u (€1, (a).%7

I now state the main result of this section.

Proposition 10. There exists exactly one equilibrium of the model. In equilibrium, 2-agents
have a high valuation of the illiquid asset d exactly when

det(( eq ec ))-det(( e1—e ec ))>0, (1.33)

with ec, eg, ey, and e, being the exposures to the aggregate factors of the liquid asset, the illiquid
asset, and the endowments, respectively.

Furthermore, the equilibrium price of the liquid asset is
mc
Pe=—> —¥ (ZeeSe +Zye +ZcaSa), (1.34)
with
A
Zpe = M1 Z1c+ HaZac

being the average correlation between the endowments and the dividends of the liquid asset,
and the equilibrium holdings of the four types are

1
n(i0) =SC+Z—((znc—zic)+zcd Sa-0), (1.35)
cc

fori=1{1,2} and 6 = {0,0}.
Proof. See Proof 45 in Appendix D. O

As Equation (1.34) shows, the liquidity A of the OTC market does not affect the price of the
liquid asset. This result can be understood intuitively. Indeed, the search friction makes the

37The distribution p (€15 (@), a function of the trade surplus, is defined in (1.30).
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Chapter 1. Equilibrium Asset Pricing with both Liquid and Illiquid Markets

asset allocation inefficient. Illiquidity thus increases the proportion of investors who short
the liquid asset because they have not yet found a counter-party to buy their illiquid holdings.
These investors reduces the aggregate demand for the liquid asset. At the same time, the
search friction also increases the number of investors who buy the liquid asset while trying to
increase their illiquid holdings. This second demand compensates the first one and, overall,
the search friction does not affect the price of the liquid asset. It is true, however, that the two
types of hedging demand exactly offset each other because there is no aggregate uncertainty.
In Section 1.6, I consider aggregate demand shocks and, in this case, the frictions in the OTC
market affect the price of the liquid asset.

Having a market friction that impacts individual policies but not prices is reminiscent of
several references. Garleanu and Pedersen [2004] documents a similar effect in a setting with
adverse selection, and so does Garleanu [2009] in a setting with search friction and a unique
market. The conclusions of Rostek and Weretka [2011] are similar as well, but with illiquidity
measured as a price impact.

There is also a short technical argument explaining why the equilibrium price of the liquid
asset is independent of the illiquidity of the OTC market. Proposition 4 shows that the optimal
holdings in the liquid asset are linear both in the covariance X;. of the endowment with the
payouts of ¢ and in the illiquid holdings 8. Now, the cross-sectional average of the endowment
correlations is independent of the illiquidity of the decentralized market. Indeed, the corre-
lations define which holdings agents intend to hold, and this is independent of how much
time it will actually take to obtain these holdings. Similarly, the cross-sectional average of
the illiquid holdings is a matter a market-clearing, and not of illiquidity per se. Taking things
together, as the optimal holdings in the illiquid asset are linear in the model parameters, and
as the cross-sectional averages of these parameters are independent of the liquidity level, so is
the aggregate demand, and so is the price of the liquid asset c.

The condition (1.33) characterizes which investors have the higher valuation for the illiquid
asset and is rather intuitive. The first term of the product,

det([ ea e ))

measures how orthogonal the risk profiles of the liquid and illiquid assets are. Phrased differ-
ently, this first term measures how much risk sharing can be achieved on the OTC market only.
The second term in the product,

detf[ er-ez " ec )

again compares how orthogonal two vector of exposures are. The first vector, e; — ey, is the
risk-profile that 2-investors should buy to achieve an optimal risk-sharing. The second vector
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1.5. Stationary Equilibrium

is again the risk profile of the liquid asset. As a result, this second term measures how much
risk-sharing is left once agents have chosen their exposure on the liquid market.

Finally, the product of the two terms is positive exactly if the exposure that is specific to the
OTC market and the risk-sharing that cannot be achieved on the liquid market “overlap”.
Figure 1.2 offers a visual interpretation of the condition (1.33).

This discussion shows that the buyers of the illiquid asset are necessarily those investors to
whom the fundamentals of the illiquid asset offer high diversification benefits. In particular,
even if illiquidity distorts the value functions and prices, it does not modify an agent’s decision
to hold an asset or not. Even in an illiquid market, the fundamentals of the asset guide this
decision.

Finally, the condition (1.33) is equivalent to .# > 0, with .¥ defined in (1.24).

In general, the equilibrium quantities for the decentralized market are cuambersome to deal
with. Specifically, I cannot characterize the parametrization a of the value functions in closed-
form. Explicit expressions for a certain asymptotic case are available in Appendix A.

On the technical side, the existence and uniqueness result of Proposition 10 appears to be
new. More specifically, in Duffie, Garleanu, and Pedersen [2005], the equilibrium quantities
are known in closed-form but only because agents are assumed to be risk neutral. This setting
was then extended by Duffie, Garleanu, and Pedersen [2007], Vayanos and Weill [2008], and
others to accommodate risk-averse (CARA) agents. In these cases, the authors showed how,
asymptotically, the solutions to these models were formally equivalent to those encountered in
settings with risk-neutral agents. However, the asymptotic analyses involved either a vanishing
risk-aversion, or a vanishing heterogeneity of the agents. My argument does not need these

assumptions.3®

Thanks to Proposition 10, I can characterize the equilibrium dispersion of holdings in the
liquid asset.

Corollary 11. The mean absolute deviation of the holdings in c,
B9 [|7(i6) - Sl

is increasing in the illiquidity % of the OTC market.

The proof of Corollary 11 follows directly from (the proof) of Proposition 7 and from Proposi-
tion 10. Proposition 7 characterizes the equilibrium distribution of types and Proposition 10

38Garleanu [2009] sketches an existence argument for an alternative model of illiquid market. However, in his
setting, prices are Walrasian and not bargained, which modifies the structure of the equilibrium.
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Chapter 1. Equilibrium Asset Pricing with both Liquid and Illiquid Markets

characterizes the equilibrium holdings in c.

Corollary 11 is exactly in line with the findings of Oehmke and Zawadowski [2013] regarding
CDS and bond markets. Indeed, Oehmke and Zawadowski [2013] find that the CDS market is
used as a liquid alternative to an illiquid bond market, and that the dispersion of holdings in
CDS contracts is increasing in the illiquidity of the bond market.

My model also has predictions regarding the trading volumes on the two markets. I define
the trading volume as the number of shares of an asset that is traded per unit of time. On the
illiquid market, trades occur at the rate

2A1(10)1(20)

when the inequality (1.33) holds, and each trade involves the exchange of ® units of the illiquid
asset. The trading volume on the illiquid market is thus

2Ap(10)1(20)0.

Investors trade infrequently even on the liquid market. This is a consequence of the CARA
preferences and of the trade motives being driven by infrequent jumps and not by diffusions.
Namely, there are six possible type changes and each of them occurs with a given intensity.
These six type changes are

type change rate triggered by
10— 20 A121(10) correlation shock
10 — 20 A121(10) correlation shock
10 —10 2Apn(10)u(20) OTC trade
20— 20 2Au(10)u(20) OTC trade
20—10 A1 1(20) correlation shock
20— 10 A211(20) correlation shock

The trading volume on the liquid market is then

Vol 1 ). (rate) x (size of trade)
type changes
A12p(10)  |7(10) — 7(20)]
+A12u(10) [71(10)-n(20)|
+2Au(10)u(20) |7(10) —m(10)]
+2Ap(10)u(20) [7(20) -7 (20)]
+A211(20)  [7(20) — 7 (10)|
+A211(20) |7(20) —7(10)]
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with the factor 1/2 recalling that each purchase must be matched by a sale.
Combining (the proofs of) Propositions 7 and Proposition 10 yields the following:

Corollary 12. The trading volumes on both markets are decreasing in the illiquidity level
¢=1/A.

Proof. See Proof 46 in Appendix D. O

Corollary 12 shows how the liquid and the illiquid assets are complements in terms of trading
volumes, with the trading volumes on both markets increasing and decreasing together. Inter-
estingly, this relationship between the trading volumes holds independently of whether the
assets are complements or substitutes in terms of risk-exposure. This relationship between
the trading volumes is driven by the use of the liquid asset as a hedging instrument, as detailed
in Proposition 13.

Proposition 12 also deserves to be compared with a result from Longstaff [2009]. Longstaff
[2009] proposes a model in which, for a given period, only one of two assets can be traded.
Longstaff [2009] then concludes that illiquidity increases a certain measure of the trading
activity in the liquid asset. This is obviously in contradiction with my conclusion. The origin
of this divergence is in the preferences of the agents.

In my model, investors with CARA preferences intend to keep their holdings fixed essentially
all the time. A re-balancing is triggered only by a preference shock or by a wish to adjust the
liquid holdings as the result of a change in the illiquid holdings. However, making bilateral
transactions more difficult makes the trade motives even less frequent, and reduces trading
volumes.

Quite differently, in Longstaff [2009], investors have a constant relative risk aversion (CRRA)
and want to constantly re-balance their holdings in both assets. Now, if trading in one of them
is impeded, this is compensated by trading the other one more intensively, which induces the
trading volume increase.

I now provide a more detailed characterization of trading on the centralized market.

Proposition 13. Opening the OTC market strictly increases the trading volume Vol on the liquid
market.

Furthermore, if the inequality
det(( eq e ))~det(( er—e e ))(ec-(el—eg)) (ec-eg)>0 (1.36)
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Chapter 1. Equilibrium Asset Pricing with both Liquid and Illiquid Markets

holds, the search frictions on the OTC market discontinuously increase the trading volume on
the liquid market. In mathematical terms,

lim Vol(A) > Voly,
A—oo

with Voly, being the trading volume in c if the asset d is traded on a competitive (Walrasian)
market3% If (1.36) does not hold, the asymptotic trading volume with a vanishing friction and
the Walrasian trading volume coincide.

Proof. See Proof 47 in Appendix D. O

This last result shows how the search friction on the OTC market can generate some additional,
or “excessive", trading on the centralized market. Intuitively, this arises from the investors’ use
of the liquid asset as an imperfect substitute for the illiquid asset.

1.6 Aggregate Demand Shocks

The price impact of illiquidity can be driven both by the illiquidity level and by the illiquidity
risk, that is, by time variation in illiquidity.*°

In my model, liquidity is understood as the time it takes to complete a transaction on the OTC
market. More specifically, in the steady state, an investor who is attempting to sell her illiquid
holdings measures illiquidity as

1 1
AP [sell the asset | contacted an investor]’

meaning as the expected time until the sale is completed. The meeting intensity A represent
the technology used by investors to contact each others and is unlikely to change in unpre-
dictable ways over time. The probability of completing the trade, P [sell| contacted], however,
is determined by the distribution of preferences across the population of investors and this
distribution can reasonably be assumed to evolve stochastically, leading to illiquidity risk.

In this section, I introduce time variation in liquidity by assuming that the proportion of agents
with a high valuation for the illiquid asset is driven both by aggregate and by idiosyncratic

391 consider a Walrasian setting in which investors can trade d whenever they want, at no cost, and taking the
price P 1y of the asset d as given, but I maintain the constraint that the holdings in d must belong to {0, ©}.

40The importance of illiquidity risk was emphasized by Pastor and Stambaugh [2003] and Acharya and Pedersen
[2005], and further analyzed by Bongaerts et al. [2011], Junge and Trolle [2013], and Mancini et al. [2013].
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1.6. Aggregate Demand Shocks

shocks. The aggregate shocks occur at the jump times of the Poisson process

(Nta) t=0

whose intensity is 1,. The proportion of 2-agents after such an aggregate shock is drawn from
a distribution M and the draws are independent across aggregate shocks.

I still assume ex ante that 2-agents have the high valuation and verify ex post this assumption.
Furthermore, I assume that the support of the distribution after an aggregate shock satisfies

Sd
supp (Mz) < | —,1
C]
This maintains a high valuation for marginal investors at any time or, equivalently, maintains
a positive illiquidity discount.

In mathematical terms, these assumptions translate into the dynamics
dpz(8) = =Az1 o (£=) + Ao pir (1) + (mg — po(1-)) N7, mo ~ My, (1.37)

for the proportion p,(¢) of 2-investors at time ¢. Note that, between two aggregate shocks,
this proportion evolves deterministically. Using a formalism similar to the one in Duffie et al.
[2005], I index the state of the system by the last aggregate shock and the time elapsed since
this last shock.*!"#? For example, the proportion of 2-investors ¢ units of time after it jumped
to my is
A
pa(ma, t) = e—(/112+121)tm2 + (1 _ e—(112+/121)t) _ M2 (1.38)
Az + A21

In particular, if no aggregate shock has occurred for a long time, and independently of the last
shock, the proportion of 2-investors converges toward the same level. I write

A2

(c0)2 212
Ha C A2+ A

4l1n Duffie et al. [2005] the distribution after the shock is concentrated on one point, meaning that the state of
the system can be indexed by the time since the last shock only.
42The last aggregate shock should be represented by the entire distribution

(1D, g AR, u 2D, u®2h))

reached after the aggregate exposure shock occurred. In the asymptotic case I consider, however, only the
proportion

pe @ paen + u@h

of high valuation investors matter. As a result, I abuse notations and index the current state of the economy by the
last draw from mg
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Chapter 1. Equilibrium Asset Pricing with both Liquid and Illiquid Markets

for this level.*3

I must still specify the shocks at the individual level that will generate the aggregate dynamics
(1.37). I do so by assuming, for a proportion of 2-investors jumping from p, (t—) to my, that
each 2-investor has a probability

t_ —_
8 (2 pa(t=); mp) 2 max{O; M} (1.39)
Uz (=)
of becoming type 1 and that each 1-investor has a probability
A mz—ﬂz(t—)}
6(1; ua(t-); = 0;—— 1.40
(15 p2 (£=); ma) maX{ = o(10) (1.40)

of becoming type 2. Assuming that a suitable version of the strong law of large numbers
(SLLN) holds cross-sectionally, these idiosyncratic shocks will be consistent with the aggregate
dynamics (1.37).44

As far as the type distribution is concerned, the state of the economy can be described by the
last aggregate valuation shock and the time elapsed since that shock. Furthermore, the type
distribution evolves continuously between two aggregate valuation shocks. I thus assume the
same type of evolution for both the price of the liquid asset and the value functions.

I assume that the equilibrium price process of the liquid asset is a function
Pc(my, 1) (1.41)

of the last aggregate liquidity shock and of the time elapsed since this last shock. I also assume
that this price is differentiable in time. Under this assumption on the price process, the budget
constraint of an investor becomes

dlUt =Trw; dt—Ct dr+ d€[+0t dDd,t+7l't (pc,t dr+ dDC,t_ rPC't)—det dBt, (1.42)

with w being the wealth invested at the risk-free rate or in the liquid asset, ¢ being the con-
sumption, 8 being the holdings in the illiquid asset, & being the holdings in the liquid asset,

431n the stationary setting of Section 1.5, I simply denoted the quantity 2 (co) by o In this Section 1.6 I add
“o00” as a time argument to avoid confusion.
44This is seen by verifying that

p2 (=) (16 (2; p2(2-), ma)) + p1 (£-) (6 (1; o (1-), m2)) = my.

Indeed, the left-hand side being the proportion of agents with a high valuation given an aggregate shock hg,
the idiosyncratic shocks defined by (1.39) and (1.40), and a suitable SLLN, whereas the right-hand side is the
proportion of agents with a high valuation that was assumed in the first place.

28



1.6. Aggregate Demand Shocks

and

@) dPc,;
Y

being the time derivative of the function in (1.41). I also denote by

(e,0)
V(w, i0;m2,t)éEU e PTU(Es) ds| pa(t) = pa (ma, 1)
t

the value function of an investor having a liquid wealth of w, being of type i and holding
units of the illiquid asset when a proportion p (¢) of the investors have a high valuation for the
illiquid asset. I assume that the value function is differentiable in the time since the last shock,
which is consistent with the assumption on the price process P..

My analysis of the dynamic setting is similar to the static analysis and is based on dynamic
programming. I first derive the HJB equations for the dynamic problem. Then, I assume that
the value function satisfies

V(w,i6;he, t) = —exp{-ry(w+ a(if; hg, 1) + @)}, (1.43)

with the constant

a1
e E(§—1+log(r)+yme).

This assumption is motivated by the static equilibrium analysis and justified ex post. Plugging
the guess (1.43) into the HJB equation yields

ra(if; my,t)

=supa(if; my,t) +« (i0; my, t; )
7
e~ rr(a(itmy,1)-a(ib;ms,0) _ 1
+ A3

12

_ , (1.44)
e—ry(a(i@;mz,t)—Pd(mz,t)(B—G)—a(iB;mg,t)) -1 +

+2Ap(fé;m2, t) ry

ry(a(i0;1m2,0)+7 (Pc (2,0) = Pc (ma, 1)) ~a(i6;my,1)) _q

8(i; my, t; Mp) & —

Y
ry(a(i6;my,0)+7 (Pc (1m2,0)—Pc (my,1))—a(i6;my,t)) -1
Ty

+ A B0

+(1=6(i;my, ;M) &
with

K (i0; ma, ;7) 20mg + 7 (Po(ma, 1) + me — r P, (my, 1))
1 i N (1.45)
- Ery(l 0 n)Zi (1 7] n)
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representing the flow of mean-variance benefits resulting from holdings a certain portfolio,
conditional on no illiquidity shock occurring.

The prices on the OTC market are still defined by the Nash bargaining solution. Adapting
Proposition 4 from the static setting yields the price P4 (my, t) bargained on the OTC market
as the unique solution to the equation

no (1 - e—r}'(u(ZO;mz,t)—(a(2®;m2,t)—Pd(mzyt))))

(1.46)
=no(l-e

—ry(a(l@:mz,t)—(a(IO;mz,t)+Pd(mz,t)))) .

The optimal policy and the resulting value function of the investors are characterized by the
HJB equation (1.44). The impact of the illiquidity risk can be intuitively understood from
this equation. The last line on the right-hand side represents the aggregate shocks. The
random variable 71, represents the proportion of agents with a high valuation after the shock,
conditional on the occurrence of a liquidity shock.

In particular, this last line represents the utility shock expected by an investor when an aggre-
gate shock occurs. The investor evaluates both the possibility that he may be directly affected
by the shock, because her valuation may change, and the possibility of being affected by a
change in the state of the economy. This change to the economy comes both from a price
jump on the liquid market and from a change in the counter-parties on the OTC market.

When an investor chooses her holdings, she will take into account the mean-variance proper-
ties of the liquid asset and the covariance of this asset with her endowment. With aggregate
shocks, however, she will also consider how the liquid asset hedges her own preference shocks
and the shocks to her trading opportunity on the OTC market. The new dimension of the
individual portfolio problem is the channel by which the illiquidity of the search market spills
over and affects prices on the liquid market.

The HJB equation (1.44) characterizes the value function, but this characterization involves
both partial derivatives and integrals of the value function. The general treatment of such an
equation seems challenging. Instead, I focus on a certain asymptotic case.

More specifically, I let the agents become nearly risk-neutral with respect to the jump risks. In
mathematical terms, this is done by letting the risk aversion go to zero,

y—0, (1.47)

and by scaling up the diffusion coefficients,

ai = ai(y) = R
.= . _ b/z ) (1.48)
bi = biy) = N
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for constant numbers {a;, b;o}; and an index i € {1,2, ¢, d}. By doing so, the subjective quantity
of risk

YZi(y) =yoZio,i=1,2

contained in the endowments and payout remains constant, even when investors become
risk-neutral with respect to the risks driven by Poisson processes. These Poisson processes
drive the random matching on the OTC market and the preference shocks.

The same approach is used to obtain closed-form expressions in Biais [1993], Duffie et al.
[2007], or Vayanos and Weill [2008]. The procedure is particularly transparent in Garleanu
[2009]. This approach is also related to Skiadas [2013] and Hugonnier, Pelgrin, and Saint-
Amour [2013]. In these models, there are several sources of risk and agents have a different
level of risk-aversion for each risk. In my case, investors are risk-averse with respect to certain
risks (diffusion risks) and risk-neutral with respect to other risks (jump risks).

Focusing on this asymptotic setting makes the analysis of aggregate demand shocks tractable.

Proposition 14. There exists exactly one asymptotic equilibrium. In this equilibrium, the
2-investors buy the illiquid asset at all times if

det(( e ec ))~det(( e —e ec ))>0. (1.49)
Furthermore, the difference of valuations for the illiquid asset
(a(20; my, t) — a(20; my, 1)) — (a(10; my, 1) — a(10; my, 1))

is increasing in the quantity in (1.49) and decreasing in the contact rate A.
Proof. See Proof 50 in the Appendix. O

The proof of Proposition 14 relies both on algebraic manipulations of the equilibrium equa-
tions and, in a second step, on an application of Blackwell’s sufficient condition for a contrac-
tion.

Proposition 14 indicates that the qualitative behavior of the dynamic equilibrium is similar to
the behavior in the static setting. Specifically, the inequality (1.49) is the same as the inequality
(1.33) defining the trading pattern in the static setting. Furthermore, the bargained price

Pg(my, 1) = v(2;my, 1) =121 (V(2;m2, 1) — v(1;m2, 1))
is the reservation value of a potential buyer subtracted by a share of the trade surplus. The
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share of the surplus is given by the bargaining power of the buyer. The trade surplus is, as
stated in the last proposition, increasing in the risk-sharing made possible by the illiquid asset
and decreasing in the contact rate on the OTC market. The contact rate reduces the trade
surplus because it makes the search for a counter-party faster, improves the outside option
of the investors, and reduces the benefits that one particular trade can bring. More generally,
both Proposition 14 and its proof indicate that the intuition developed with the static model is
robust to the introduction of aggregate liquidity shocks.

The aggregate demand shocks, however, create new effects in the model. More specifically, in
the dynamic setting, the illiquidity of the OTC market affects prices on the liquid market. This
spillover effect and, more generally, the returns on the liquid market are the object of the next
proposition.

Proposition 15. [ assume that the inequality (1.49) holds, meaning that 2-investors buy the
illiquid asset. Then, equilibrium expected excess returns on the liquid asset are

1 (E[Pc(m2,f+ do)| (mg, 1)] 3 )
dt P.(my, 1) ’

_Ma
= +o(y)
Pc(r}iz,t) (Sczcc +AqE [ (Peo - Pc,t)2’ (my, t)])
+7Y| +pgmnn (SaZea + Znc) ,

+AQEMO) [ (B8 ) (W (175, 0) — W (m, )| (ma, )

(1.50)

with
W (ma, £) 2 BFUOM20 (4(10; my, 1))

being the average certainty equivalent across the population of investors. If the illiquidity 1/ A\ is
small enough, these expected returns increase in the illiquidity 1/ A when

e.-(eg—ex)>0 (1.51)
and decrease otherwise.
Proof. See Proof 51 O

Proposition 15 offers a clean decomposition of the excess returns on the liquid asset into three
different risk premia. The first two premia are classical. The first compensates investors for
taking exposure to uncertain price movement and the dividend risk of the liquid asset. The
second corrects the first by taking into account the diversification benefits against endowment
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risk and the dividend risk of the illiquid asset. The third premium is new and is driven by the
illiquidity risk. It compensates investors for holding an asset that performs poorly exactly when
trading on the OTC market becomes more difficult. To understand the underlying mechanism,
let us first consider the average certainty equivalent W (my, f). Intuitively, we can use the
average certainty equivalent W (my, r) to measure the efficiency of the allocation on the OTC
market. Indeed, whenever the illiquid asset is transferred from a low valuation agent to a high
valuation agent, there is a net gain in utility across the population, and W (my, t) precisely
reflects this utility gain.*® As a result, W (m,, t) is a measure of the efficiency of the OTC market
or, equivalently, of the reallocation speed on the OTC market.

Whenever there is a negative aggregate shock, meaning that the proportion of high-valuation
investors drops, the imbalance on the OTC market is reduced, the search friction becomes
more acute, and the OTC market becomes slower when it comes to reallocating the illiquid
asset. When the inequality (1.51) holds, the negative aggregate shock induces a drop in the
price of the liquid asset. As this price drop occurs precisely when trading OTC becomes more
difficult, it commands a positive risk premium. In addition, this risk-premium increases with
the intensity of the search friction.

Interestingly, this illiquidity spillover effect increases in the level of illiquidity 1/ A but is driven
by illiquidity risk. This can be readily seen from (1.50), where the impact of illiquidity on the
expected returns stems from the “covariance”

Em(mz)

(PC (mZ’O)

Pe(ma, ) _1)(W(mZ’O)_W(mz,t))‘(mg,t)]

between the returns of the liquid asset and the efficiency of the economy. Furthermore, this
covariance is scaled by the risk-aversion y. The role of illiquidity risk can also be directly seen
by comparing Proposition 15 with the static equilibrium described in Proposition 10. Indeed,
in the static version of the model, there is no illiquidity risk and the frictions of the OTC market
have no impact on the price of the liquid asset.

Conceptually, the spillover effect of Proposition 15 is similar to results in Acharya and Pedersen
[2005]. Proposition 15, however, is based on an explicit modeling of illiquidity as a search
friction and makes predictions regarding the sign of the illiquidity spillover effect. The model in
Acharya and Pedersen [2005] relies on exogenous and stochastic transaction costs, and is thus
more suited for illiquid but centralized markets. Furthermore, the price effect of illiquidity risk
is driven by the exogenously specified covariance matrix of the transaction costs. Proposition
15 may thus be seen as a micro-foundation for the results in Acharya and Pedersen [2005].
My results also show that, unexpectedly, the measure of the illiquidity risk is determined by
investors’ certainty equivalent. It is interesting to compare Proposition 15 and the literature

45The proof of Proposition 15 contains a formal argument behind this statement.
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on long run risks, pioneered by Bansal and Yaron [2004]. In this literature, the assumption
of recursive (non time separable) preferences implies that the risk premia are determined by
investors’ certainty equivalent. This channel implies that, in stark contrast to the case of time
separable preferences, long run risk is priced in today’s returns. In my model, Proposition
15 shows that, in illiquid markets, long run risk is priced despite the fact that agents have
standard, time separable preferences. This interaction between long run risk and illiquidity is
an interesting and important topic for future research.

Proposition 15 can also be used to evaluate and improve empirical analysis of illiquidity.
Indeed, following the example of Longstaff et al. [2005], a number of authors willing to measure
the illiquidity component of bond yields have considered the so-called CDS basis, defined as
the spread between bond excess returns and CDS premia. The rationale for this procedure is
the relatively high liquidity of CDS markets when compared to bond markets. In particular,
CDS spreads should be a clean measure of credit risk.%6 As Proposition 15 indicates, however,
even the returns on a perfectly liquid market may be affected by the illiquidity of a related
market.

Finally, Propostion 15 is consistent with empirical findings regarding illiquidity spillover. For
example, Tang and Yan [2006] and Lesplingart, Majois, and Petitjean [2012] document how the
illiquidity of the bond market increases yields on CDS contracts, which is exactly in line with
Proposition 15. Das and Hanouna [2009] documents a similar effect between stock and CDS
markets.

1.7 Opening the Liquid Market

In this section, I consider the effect of the liquid market on the functioning of the illiquid one.
For tractability reasons, I again focus on the stationary setting of Section 1.5.

As Proposition 10 and Proposition 14 show, the trading pattern on the OTC market is deter-
mined by the quantity

det( [ ea e ))det( er-ex e ).

This quantity measures how much risk-sharing can be achieved on the OTC market only and,
as aresult, is closely linked to the competitive price of the asset traded OTC. At the same time,
the Nash bargaining solution assumed for the OTC market also makes this quantity a measure
of the illiquidity discount.*’ In particular, if the liquid asset mitigates the search friction and

461]liquidity is also priced on CDS market, as shown by Bongaerts et al. [2011] and Junge and Trolle [2013]. It is,
however, true that CDS markets are typically significantly more liquid then their underlying bond markets.
475ee Appendix A for explicit derivations supporting these claims.
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decreases the illiquidity discount on the asset traded OTC, the liquid asset will necessarily also
decrease the competitive price of the asset. This mitigation effect occurs because the liquid
asset offers an attractive alternative to the asset traded OTC. However, this alternative market
also diverts some of the fundamental demand for the asset traded OTC, leading to a capture
effect. The mitigation effect tends to increase prices on the OTC market whereas the capture
effect tends to decrease them. In this section I evaluate which of these effects dominates. I do
so by comparing the economy with and without the liquid market.

In the real world, the decision to create a market for a new security is always endogenous and
is determined by the financial intermediaries’ estimates of the investors’ trading needs. These
intermediaries can be dealers, who will make the market in the new security, or the exchanges
on which the security will be traded.*® The revenues of these intermediaries are driven by
trading volumes, and so is financial innovation. As a result, I assume that the liquid asset is

designed to maximize volumes.*’

I derive the trading volumes for the proof of Proposition 12 (see Appendix D). Shares of the
liquid asset are exchanged at the rate

ve L (IZCdIQZA,u(IQ),u(ZO)+|Zlc—chl edar (1.52)
e A2 + 21

when the 2-investors buy the illiquid asset.’® Recalling the definition of the covariation
matrices in (1.14) and defining the constants

w1
w2
w3 A A2l (a1 —ap
wa| Aiz+A21 \b1—Dba|’

48Regarding a description of financial innovation being driven by intermediaries rather than by end-users, one
may refer to Das et al. [2013]:

2 ©2Au(10)u(20) (“"’)
by

CDS introduction is initiated by dealer banks depending on factors such as size of outstanding debt
of an issuer, underlying credit risk of the issuer, and demand for credit protection. [...] Introduction
of an equity option is decided by the corresponding options exchange depending upon factors such
as trading volume, market capitalization and turnover of the underlying stock.

Duffie and Jackson [1989] proposes a model of financial innovations by intermediaries who maximizes trading
volumes. Rahi and Zigrand [2009] and Rahi and Zigrand [2010], for instance, propose alternative theoretical models
of financial innovation driven by intermediaries.

491 do not model the intermediary explicitly. However, an intermediary who earns a constant bid-ask spread on
transactions will attempt to maximize trading volumes. And the trading volume with a constant bid-ask spread
converges toward the volume without transaction costs when the bid-ask spread decreases. See Praz [2013] for a
treatment of transaction costs in a setting similar to the one of this paper.

50The expression (1.52) also describes the asymptotic trading volume in a setting with aggregate demand shocks
when the risk-aversion y goes to zero. See the characterization of the asymptotic optimal liquid holdings in the
proof of Proposition 14.
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I rewrite Equation (1.52) as
eV =lwiac+ wabel+|wsae. + wabe|.

When 1-investors buy the illiquid asset, the only change is that the weights w; and w» must be
rescaled.®!

It is important to understand which model parameters influence the equilibrium trading
volume. First, the trading volume V is independent of the expected payout of the liquid asset,
as seen in Equation (1.52). This expected payout must thus be set exogenously. Second, the
number of shares exchanged can be made arbitrarily large by scaling down the risk exposures

t.52

e. of the liquid asset.”” Without loss of generality, | normalize the overall exposure

e (= llecls = a2+ b?)
to 1.

Summing up, I choose the liquid asset that maximizes the trading volume, meaning that I
choose the risk-profile e, of the liquid asset to be a point of maximum in the optimization

(max flwiac+ wobe| +|wsa. + wabel} (1.53)
aCY c

under the conditions

”(anbc)llz = 1,
aq | ac a-a  ac
det(( bq | be )) det(( bi-by ' B ))>°' (1.54)

Three features of the maximization (1.53) should be emphasized. First, the constraint (1.54)
ensures the consistency of the beliefs regarding the trading pattern on the OTC market. Specif-
ically, as the objective function (1.53) assumes that 2-investors buy the asset traded OTC, the
inequality (1.54) ensures that this assumption is justified ex post.

Second, the inequality (1.54) is strict. The borderline with equality corresponds to the case
in which all investors have the same reservation value for the illiquid asset. In this case, the

51The rescaling factor is

[£(2©)u(10)
((10)u(20)

and is the ratio of the type flows generated by trading when 1-investors buy the illiquid asset and when 2-investors
do.
52Dividing e. by K > 0 multiplies the trading Volume by K.
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benefits resulting from any trade on the OTC market are zero, investors are indifferent on the

OTC market, and I would need more assumptions to define the type dynamics and the trading

volumes.?3

Third, both the objective function and the domain of optimization in (1.53) are symmetric
around the origin. As a result, whenever a point x one the unit circle is a point of maximum,
so is its opposite —x.

I can characterize the solution to the optimal asset design problem (1.53).

Proposition 16. There exists a solution to the volume maximization (1.53) exactly when

[ o | B

In this case, the optimal liquid asset is

1 —
(“C) = i_(wl w3), (1.56)
ag v\iws, —wa

with the constant

E \/(W1 — w3)? + (W — wy)?

ensuring the normalization Z.. = 1.
Proof. See Proof 48 in the Appendix. O

Proposition 16 implies that the optimal liquid asset is the weighted average of two risk profiles.
The first is the profile of the illiquid asset and the second is optimal in terms of risk-sharing.
This already indicates how the new liquid asset balances the attempt to capture some of the
trading activity that takes place OTC and the alternative aim of being valuable to as many
investors as possible. Furthermore, the weight on the profile of the illiquid asset is monotone
increasing in the contact rate on the OTC market because, with a higher contact rate, there is
more volume to capture. Perhaps paradoxically, this means that the search friction is easier to
mitigate when it is smaller in the first place.

Importantly, the optimal security design defined by the maximization (1.56) does not necessar-
ily have a solution. In particular, if inequality (1.55) does not hold and the liquid asset has the
risk-profile in Equation (1.56), then 1-investors have the higher valuation for the illiquid asset.
Conversely, if the trading volumes had been optimized under the assumption that 1-investor

53The additional assumptions would require to randomize the decision to trade.

37



Chapter 1. Equilibrium Asset Pricing with both Liquid and Illiquid Markets

buy the illiquid asset, the resulting liquid asset would actually induced the 2-investors to buy
the illiquid asset. As a result, the only way of, possibly, obtaining an optimum would be to
impose the behavior of the investors on the OTC market when investors are indifferent.

Finally if the trading pattern on the OTC market is the same before and after the opening
of the liquid market, the type flows across the population will not change when the liquid
asset is introduced. As a result, the trading volumes will be constant at any time. However, if
the opening of the liquid market inverts the trading pattern on the OTC market, the trading
volume (1.52) only represents the asymptotic trading volume in the steady state.>*

Intuitively, choosing a liquid asset that is very similar to the illiquid asset has two consequences.
On the one hand, the liquid asset mitigates the search frictions and reduces the illiquidity
discount on the OTC market. This pushes the price on the OTC market up. On the other hand,
if the liquid asset is very similar to the illiquid asset, the illiquid asset has little value left as a
risk-sharing instrument. This second effect pushes the price of the illiquid asset down.

Figure 1.4 illustrates how each of these effects can dominate. When the search friction is
severe, on the right part of the plot, the mitigation of the illiquidity discount dominates the
drop in the fundamental value and the price on the OTC market increases when the liquid
asset starts trading. Quite differently, when the search frictions are modest, on the left part
of the plot, the illiquidity discount is small and diversion of trading volume towards the new
market dominates the benefits of the new hedging opportunities. To complete this section, I
note that, for potential applications to bond market, it may be more natural to consider the
yield on the illiquid asset. This is done in the second panel of Figure 1.4.

1.8 Conclusion

I study a general equilibrium model in which agents can trade both on an illiquid OTC market
and on a liquid, centralized market. Search frictions on the OTC market increase the trading
volume and open-interest on the liquid market. Furthermore, the endogenous interactions of
the search frictions with the aggregate demand shocks generate a time-varying efficiency of the
asset allocation on the OTC market. This liquidity risk is priced and affects the risk premium
on the liquid asset. These results are consistent with a number of empirical studies.>

Motivated by several real-world examples in which centralized markets were created as an
alternative to preexisting OTC markets, I introduce endogenous financial innovation into the

54See Theorem 5 (and its proof) in Duffie et al. [2005] for a similar issue. Namely, Duffie et al. [2005] show how,
for a sufficiently patient intermediary, an optimal policy chosen at time zero and fixed afterwards is approximately
the policy that maximizes revenues in the steady state.

55Regarding the interactions between CDS and bond markets see, for example, Oehmke and Zawadowski [2013],
Tang and Yan [2006], Lesplingart et al. [2012], or Das and Hanouna [2009].
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model. I assume that intermediaries design the cash flows of the liquid asset that maximize
the equilibrium trading volume. Then, I compare the prices on the OTC market in an economy
with and without a liquid asset. I show that the risk profile of the optimal liquid asset is a
weighted average of the illiquid asset’s profile and of the risk profile that would lead to an
efficient risk-sharing. The weight on the profile of the illiquid asset is shown to be monotone
increasing in the contact rate on the OTC market because, with a more active OTC market,
there is more trading volume to capture.

I show that the liquid market has two effects on the illiquid OTC market. On the one hand, it
mitigates the search frictions, reduces the price discount on the illiquid asset, and increases
the prices bargained on the OTC market. On the other hand, the liquid asset captures some
of the illiquid asset’s value as a risk-sharing instrument. I show how each of these effects can
dominate, and link this equilibrium behavior with the empirical literature studying how the
onset of CDS trading affects bond yields.

I believe that understanding the role of liquidity in portfolio selection and its general equi-
librium feedback effects is both important and timely. Several regulatory reforms such as
the Dodd-Frank Act in the US and the MiFID II proposal in the European Union propose to
significantly revise the functioning of modern markets and, in particular, to move some of the
OTC trading to centralized exchanges. The only way to evaluate the consequences of these
reforms is to develop a general equilibrium model that accounts for the trading frictions on
OTC markets and their cross-market externalities.

My model could be enriched in several directions. For example, throughout this paper, I
assumed a dichotomy between an illiquid OTC market and a perfectly liquid market. In many
real-world examples, however, the alternative to a costly search process will be to trade on
another market immediately, but at a cost. In Praz [2013] I introduce this additional liquidity
friction, and consider a general equilibrium model in which investors balance transaction costs
and execution uncertainty when they select their portfolio holdings. Financial intermediaries
rationally anticipate this behavior and optimally choose the bid-ask spreads on the exchange,
the level of liquidity provision on the OTC market, and the form of financial innovation.
Finally, introducing asymmetric information, either in terms of common value uncertainty,
as in Duffie, Malamud, and Manso [2009], or in terms of private liquidity needs would also
significantly enrich the structure of the model. A model of OTC market with asymmetric
information would shed light on the current regulatory debates aiming at increasing the
transparency of OTC markets. We take some first steps in this direction in Cujean and Praz
[2013].

1.9 Figures
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Figure 1.1: The first panel represents the subjective valuation of an asset traded OTC, say
a bond, by a given investor and how this valuation changes over time. The second panel
represents this investor’s holdings in the illiquid asset (solid line) and a more liquid security
offering a similar exposure (dashed line). If the illiquid asset is a bond, the liquid security
could be a CDS (as a protection seller). The shaded areas corresponds to the periods during
which the investor is searching for a counter-party on the OTC market. During these periods,
the investor hedges her sub-optimal exposure to the illiquid asset by trading the liquid asset.
These plots are illustrative and not based on the parameters in Table 1.1.
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Figure 1.2: This plot represents the vector of exposures of the liquid asset (e;) and of the illiquid
asset (ey), along with the differences of the exposures between the two types of investors
(e; — e2). The horizontal axis measures the exposure to the aggregate risk a and the vertical
axis measures the exposure to the aggregate risk b. The surface of the quadrangle with the
narrow dash is |det(e; : e.)| and measures how orthogonal the exposures of the two assets
are. The surface of the quadrangle with the broad dash is |det(e; — e2 : e;)| and measures how
orthogonal the risk profile of the liquid asset is to the profile that would be optimal in terms of
risk-sharing. The two quadrangles intersect when det (e, : e;) det(e; — e2 : ;) > 0, which is the
condition appearing in Proposition 10 and defining the trading pattern on the OTC market.
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Table 1.1: Baseline parameter values.

notation parameter value
Se¢ supply of the liquid asset 0
Sa supply of the asset traded OTC 0.8
Ne,No  bargaining powers %
A1 arrival rate of idiosyncratic liquidity shocks %
A12 recovery rate from a liquidity shocks 5
A meeting rate 50
r risk-free rate 0.037
me expected payouts of the liquid asset 0.05
mgy expected payouts of the asset traded OTC 0.05
(ac,b:)  exposures of the liquid asset (1.0000,-0.0016)
(ag,bg) exposures of the asset traded OTC (0.1022,—-0.0002)
(a1,b1)  exposures of the endowment for the investors of type 1 (9.4718,—-0.0150)
(az,bp)  exposures of the endowment for the investors of type2  (—0.5017,0.0008)
04 coefficient of absolute risk aversion 2
€] holdings in the asset traded OTC 1

Choice of the parameters The supply of the illiquid asset, the holdings size ©, and the
dynamics of the idiosyncratic shocks are taken from Duffie et al. [2007]. The liquid asset
is understood to be a derivative and its net supply is zero. The risk-free rate and expected
payouts of the assets are the same as in Garleanu [2009] (the calibration in Garleanu [2009] is
itself based on Campbell and Kyle [1993] and Lo et al. [2004]). The baseline meeting intensity
is within the standard range and corresponds an average of one meeting per week. The risk-
aversion is chosen within the standard range. The exposures of the assets and endowments

are chosen to satisfy the following conditions.

1. The profile of the illiquid asset maximizes the reservation value of the illiquid asset in a
setting without liquid asset, conditionally on the exposures of the endowments. This
maximization captures, in a reduced form, the strong clientele effects on OTC markets.

2. The two risky assets should have an expected return of approximately 5%.

3. The 2-investors buy the illiquid asset both before and after the opening of the liquid

market. See the discussion after Proposition 16.

4. The two risky assets should have the same price for the baseline parameter values. This

is for ease of visualization only.

The values of the asset and endowment exposures are then found numerically.
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Figure 1.3: Each vertex is a type of investors (for a type i0, i € {1,2} is the type of exposure and
0 € {0, 0} are the holdings in the illiquid asset). Each arrow indicates a flow between types and
the number on each arrow is the corresponding transition intensity for a given investor. These
flow are valid under Assumption 6 and corresponds to the flow equations (1.25).

43



Chapter 1. Equilibrium Asset Pricing with both Liquid and Illiquid Markets

Py

1.44
1.42

— without liquid asset 1.40

o 1.38
-== with liquid asset

1.36

1.34

1.32

I L L L I L L L I L L L I L L L

> =

0.00 0.02 0.04 0.06 0.08

o (in %)

3.75

=== with liquid asset 370

— without liquid asset 365

3.60

3.55

\J

1
0.02 0.04 0.06 0.08 A

Figure 1.4: The upper panel is a plot of the price bargained on the OTC market as a function
of the meeting intensity on the OTC market. The continuous line is the price when the OTC
market is the only market in the economy, whereas the dashed line is the price when investors
can trade both on the liquid and on the OTC market. The lower panel plots the expected
returns on the illiquid assets, but is otherwise similar to the upper one. The parameter values
for this plot are in Table 1.1.
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4 Pay or Wait: Equilibrium Prices with
Two Trading Frictions

1! study an equilibrium model in which investors hedge endowment risk on two markets. The
first market is centralized and trades can be executed at any time but against proportional
transaction costs. The second market is over-the-counter (OTC) and requires to search for
a counter-party. I show the existence of an equilibrium for any level of transaction costs
and characterize in closed-form how the two frictions jointly modify the risk-premia on
both markets. The transaction costs reduce both the transaction sizes and frequencies on
the centralized market, and affect the price on the OTC market by making hedging more
costly. The prices bargained OTC depend non-monotonically on the transaction costs on the
exchange. I link my results to recent regulatory proposals and show how taxing CDS trading
may both increase of decrease the cost of debt financing.

2.1 Introduction

Ongoing political discussions in the EU aim at taxing financial transactions.? These taxes
would apply to most financial transactions, including credit default swap (CDS) trades, but
debt securities may be excluded.? Confirming this pattern, the French transaction tax intro-
duced in 2012 affects CDS transactions but not debt transactions. The discussions regarding
financial transaction taxes thus appear to rely on the assumption that taxing CDS trading but

11 thank my advisor Semyon Malamud for his continuous guidance. I also thank Pierre Collin-Dufresne, Julien
Cujean, Nicolae Garleanu, Julien Hugonnier, and Ramona Westermann for their comments and suggestions. I also
thank participants to the 6th Erasmus Liquidity Conference in Rotterdam.

2These proposals are clearly designed as punitive actions. A 2011 press release of the European Commission
was entitled “Financial Transaction Tax: Making the financial sector pay its fair share”. In the US, a bill proposed in
2009 is called “Let Wall Street Pay for the Restoration of Main Street”

3For instance, Bloomberg Businessweek (Rebecca Christie and Jeanna Smialek) [April 21, 2013] reports a
statement by Ferdinando Nelli Feroci, the Italian Permanent Representative to the European Union in Brussels at
the time. Talking about financial transaction tax, Mr. Nelli Feroci claimed that “Transactions on government bonds
must be excluded” and that this point is “not up to negotiation”.
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not bond trading will decrease the cost of debt financing.*

In an empirical study, Oehmke and Zawadowski [2013] show how investors use CDS and bond
markets as two alternative means of adjusting their exposure to the same fundamentals. Das
et al. [2013] also provides some evidence in this sense. What distinguishes the two markets
is liquidity. Indeed, even if both the CDS and bond markets are over-the-counter (OTC), the
search frictions on the CDS market are far less severe than the frictions on the bond market.’
The difference in search frictions reflects the difference in market fragmentation, with the
CDS market being a uniform, “one size fits all” alternative to the the many bonds, with many
maturities, embedded options, and covenants, available for each issuer.

Evaluating the effect of taxing CDS transactions on bond yields thus requires to understand
the portfolio decisions of investors facing two types of illiquidity. These two types are, on the
one hand, an explicit cost paid to execute a transaction immediately and, on the other hand,
the costly uncertainty of having to search for a counter-party on an illiquid OTC market.

Analyzing the interaction between these two types of illiquidity is relevant beyond the discus-
sion of financial transaction taxes. Indeed, even in the absence of taxes, investors pay a bid-ask
spread to the CDS dealer for providing immediacy on the CDS market and, by doing so, make
it possible to bypass the frictions of the bond market. Further examples of a trade-off between
immediacy and uncertainty abound. One may think of an investor trading collateralized debt
obligations instead of loans, or a property total return swap instead of real estate assets. Fur-
ther example comparing immediacy and uncertainty include the “upstairs” and “floor” stock
markets, or the comparison of limit and market orders in limit order books. Finally, investors
face a similar trade-off when they balance the costly convenience of bespoke derivative and
structured products against the basis and operational risks of a dynamic replication strategy.

The problem of an investors balancing the costs of immediacy against execution uncertainty
is complex. The investor must consider the explicit transaction costs, the implicit search costs,
and the basis risk between the two assets. The exact effect of the frictions on the individual
policies and how these effects aggregate can only be analyzed in a general equilibrium setting.
I propose such a setting in this paper.

I study an economy in which risk-averse investors share endowment risk by trading two
imperfectly correlated assets. The first one is traded on an exchange, with a constant bid-ask
spread, whereas the second is traded on on illiquid OTC market. I follow Duffie et al. [2007] for
the modeling of the OTC market. In this framework, investors meet randomly at a given rate

4See, for instance, The Financial Times (Tracy Alloway) [November 6, 2011] and The Financial Times (opinion
by Andrew Baker) [November 9, 2011] for reports of the popular criticisms against CDS trading and its impact on
bond markets

5See Longstaff et al. [2005] for a discussion of the relative liquidity of the CDS and bond market.
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and the Nash bargaining solution characterizes the bilateral trades. Liquidity, measured by
the meeting rate, affects investors both because contacting a potential trading partner is time
consuming and because prices are not competitive. The interaction between the two markets
is driven by the investors who use the exchange as a substitute for the OTC market and hedge
on the exchange while searching for a counter-party on the OTC market.

I show the existence of an equilibrium for any level of transaction costs and obtain closed-form
expressions for the equilibrium quantities. The existence argument is non standard because
the transaction costs introduce discontinuities in the equilibrium equations.

The search frictions on the OTC market affect the price of the asset on the exchange. As made
clear by Garleanu [2009], the equilibrium effect of transaction costs depends on the imbalance
between the investors who last purchased and those who last sold the asset. When the meeting
rate on the OTC market varies, so does the rate at which investors hedge (by both buying and
selling) on the exchange, and whether the buying or selling pressures dominates depends on
the dynamics of the hedging demand. I show that, when low valuation spells are relatively
short, the search friction on the OTC market increase the risk premium on the exchange.

The transaction costs on the exchange have two main effects. First, they make the marginal
cost of trading on the exchange higher. Investors optimally react to these costs by reducing the
size of their transactions when they trade. Second, the transaction costs also make trading on
the exchange less frequent. Indeed, when an investors receives a shock to her hedging demand,
she balances the costs of trading on the exchange, the optimal risk-profile that she may achieve
by trading, and when this risk-profile will have to be adjusted again. When the transaction
costs are high enough, the round-trip transaction costs can dwarf the improvement to the
risk-exposure and investors optimally decide not to trade after certain idiosyncratic shocks.

As the transaction costs increase the costs of hedging, they also affect the outside options of
the agents bargaining on the OTC market. As I show with numerical examples, the relationship
between the transaction costs on the exchange and the price bargained on the OTC market is
non-monotonic. The intuition is as follows.

Aslong as the transaction costs are low enough, investors on both the long and the short side of
the market hedge on the exchange while searching for a counter-party on the OTC market. As
the investors on the short-side of the market find a counter-party more easily, these investors
trade at a higher frequency. As a result, any increase of the transaction costs is particularly
detrimental to the investors on the short-side of the market and makes their outside option
particularly weak.
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It is standard to assume that sellers are on the short side of the market.®” In this case, in-
creasing the transaction costs on the exchange makes the sellers relatively weaker when they
bargain, and the asset traded OTC is exchanged for a lower price.

If the transaction costs increase beyond a certain threshold, however, investors on the short
side of the market stop hedging while they are searching for a counter-party. As a result, any
further increase of the transaction costs mostly affects the investors on the long side of the
market and make their outside options weaker when thy bargain. As a result, when buyers
are on the long side of the OTC market and when the transaction costs are sufficiently large,
the price bargained OTC is increasing in the transaction costs on the exchange. As I show in
numerical examples, the price bargained with sufficiently high transaction costs can be higher
than when these costs are zero.

I finally come back to the impact of taxing CDS trading on bond yields. The equilibrium
behavior of my model indicates that making CDS trading costly may indeed decrease bond
yields. The equilibrium relationship between taxes and yields is, however, non-monotonic,
and depends in a rather subtle way on the strength of the trade motives, their dynamics, and
the relative levels of the two types of illiquidity. A financial transaction tax may thus decrease
debt financing, but the exact effect is hard to predict. Introducing a financial transaction tax
to decrease borrowing yields seems to be a hazardous strategy.

Literature Review My paper is related to four main strands of literature. First, I use the
framework introduced in Duffie et al. [2005] and Duffie et al. [2007] to model the OTC market.
A number of references rely on related settings. Examples include Weill [2007], Weill [2008],
Garleanu [2009], Afonso and Lagos [2011], Lagos and Rocheteau [2007], Lagos and Rocheteau
[2009]. These references all analyze a unique illiquid market, whereas I look at the interactions
between two illiquid markets.

Second, my paper is related to the literature comparing market structures or market liquidity
levels. For instance, Biais [1993], De Frutos and Manzano [2002], Yin [2005] compare central-
ized and fragmented markets in a static setting. In Pagano [1989], Rust and Hall [2003], and
Miao [2006], investors can choose between a centralized and a search market, but investors
only trade once and, as a result, there is no cross-market hedging.

6This is, for instance, Condition 1 in Duffie et al. [2005], Inequality (6) in Weill [2007], and Assumption 2 in
Vayanos and Weill [2008]. When this assumption does not hold, search frictions increase the price of illiquid assets,
and effect that is only rarely observed on actual markets. An exception may be the on-the-run Treasuries, see the
discussion in Duffie et al. [2007].

7If buyers are on the short side of the market, the search frictions increase prices, a phenomenon that is rarely
observed on actual markets. An exception may be the on-the-run Treasuries. See the discussion in Duffie et al.
[2007].
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My paper is also related to the literature in asset pricing that evaluates the equilibrium effects
of trading frictions. Examples focusing on transaction costs include Constantinides [1986], Lo
et al. [2004], Vayanos [1998], Huang [2003], and Garleanu and Pedersen [2013]. More recent
recent examples that draw links with current regulatory reforms include Buss and Dumas
[2013] and Buss, Dumas, Uppal, and Vilkov [2013]. Some other references consider markets
with different levels of search frictions. These references include Vayanos and Wang [2007]
and Vayanos and Weill [2008]. I study the interaction between transaction costs and search
frictions in a dynamic setting.

Finally, I analyze the interaction between costly trading immediacy and uncertainty regarding
the trade execution. This issue is related to the choice of market against limit order in limit
order book markets. Foucault, Kadan, and Kandel [2005], Parlour [1998], Goettler, Parlour, and
Rajan [2005], and Rosu [2009], for instance, analyze the dynamics of limit order books.

2.2 Model

The model in this section is essentially the same as in the first chapter of my dissertation,
except that trading on the exchange is costly and requires to pay proportional transaction
costs. For convenience, I recall the main elements of the model.

I study an economy in which investors share endowment risk by trading two different assets
on, respectively, a liquid exchange and an OTC market. This model is an extension of Duffie,
Garleanu, and Pedersen [2007].

Assets and investors Two independent aggregate risk factors are described by the Brownian
motions

(Bavt’ Bbrt) t=0"

Two risky assets, ¢ and d, are exposed to these risk factors. The cumulative dividend payouts
of these assets satisfy

dDC,t =me dr+ ac dBa,t + bc de,t!
dDg;=mgdt+ayzdBg+ by dBy, ;.

(2.1)

These assets are available in net supplies S; and S, respectively. As described below, the asset
¢ is traded on a centralized market, whereas the asset d is traded on a decentralized, OTC

49



Chapter 2. Pay or Wait: Equilibrium Prices with Two Trading Frictions

market. For convenience, I define the vectors

o 2() o2 [aa
c bcrd bd

and call them the exposures of the assets ¢ and d, respectively.There is also a risk-free asset,
available in perfectly elastic supply, and paying out dividends at the constant rate r > 0.2

The economy is populated by a continuum of investors. I write u for a normalized measure
over this continuum. Each investor receives an endowment driven both by the aggregate risk
factors and by idiosyncratic shocks. More specifically, the cumulative endowment of investor
i satisfies

dT][ =my dr+ aj ¢ dBa,t + bi,t de,t’ (2.2)

and is thus driven by the two aggregate risk factors. The vector of exposures

A | Qi
_Afa 2.3
€it (bi,t) ( )

evolves stochastically. Specifically, the stochastic vector e; ; is a time-homogeneous Markov
chain jumping back and forth between two (two-dimensional) values.” These two values are

e & (Zi) and e, 2 (Zj) (e R?)

and I denote by
A2 Az 2.4)
A1 —Az '

the generator of the Markov chain. The Markov chains are independent across agents.

Trading mechanisms Investors trade the liquid asset ¢ on a centralized market and any
trade requires the payment of proportional transaction costs. The exact impact of these costs
is discussed below. Investors also trade the risk-free asset at any time and without costs.

The other risky asset, d, is traded OTC. Trading d thus requires searching for a counter-party
and negotiating the details of the transaction. The search process is governed by a “random

8The interest rate is exogenous in all the models of asset pricing with search that I am aware of.
91n particular, both components of the vector of exposures jump together.
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matching". That is, a given investor gets in touch with another investor at the jump times of
an idiosyncratic Poisson process with intensity A. This other investor is randomly drawn from
across the population of investors. The draws are independent across meetings.

As the meeting intensity A controls the search friction on the OTC market, I call it the liquidity
of the OTC market. Given the dynamics of a Poisson process, the inverse

of the liquidity is the expected search time until the next meeting. I call this expected time the
illiquidity of the OTC market.

Taking things together, investors from two separate subsets B and C of the population meet at
the rate

2ApB)(O), 2.5)

with y being a measure on the set of investors.

Once two agents have met, they bargain over a possible trade in the illiquid asset d, and the
outcome of the bargaining is given by the Nash bargaining solution.

Preferences Each investor i maximizes her expected utility from consumption. Her utility
function U has a constant coefficient of absolute risk aversion y > 0 (exponential or CARA
utility), meaning that

U:c——e 7%,
and their subjective rate of discounting is p > 0. The consumption and investment policy of i
is thus dictated by the optimization

supE ) (2.6)

Cc

Fio

f e P'U (¢, du
0

with the admissible consumption processes ¢ satisfying certain conditions defined below and
Zi o being all the information available and relevant to i at time 0.

The payouts of the risky assets, defined in (2.1), are independent and identically distributed
across time. Furthermore, the idiosyncratic exposure shocks defined by (2.4) offer a unique
and stable stationary distribution of types 1 and 2 across the population. As a result, I expect
all the aggregate quantities to be constant in the long run and I focus my analysis on this
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asymptotic, stationary case.!® In a stationary equilibrium, the information set %; ¢ only
contains idiosyncratic quantities and the individual problem (2.6) becomes

o = Wl 2.7

A o0
V(w,t) =supE f e P*U (¢, du
¢ 0

o = I

with wy being the wealth invested by i at time zero in the risk-free asset and #; being i’s type
at time zero. The exact definition of the type in the setting with transaction costs is discussed
below.

Budget constraint The consumption and trading of an investor must be consistent with the
dynamics of her wealth. Specifically,

dw,=rw,dt—¢ dt+ dn,+0,dDg; - Py d0, + 7, dD¢, — (Pc + gsgn (d#t,)) dit,, (2.8)

with 7, being the number of shares of the liquid asset ¢ held at time ¢, P, being the price of
the liquid asset ¢ and P, being the price of the illiquid asset d.
Again, for ease of exposition, I restrict the model parameters as follows.

Assumption 17. The dynamic of the exposure shocks, as described by (2.4), and the supply
Sq of the illiquid asset d satisfy

A2 A21
——# Sy ——.
/112 + /121 a 112 + 121

Also, the vectors ey, e., and e — e, are not collinear. O

Assumption (17) prevents the lengthy treatment of non-generic cases.!!

2.3 Transaction Costs
Iinvestigate how transaction costs on the exchange impact the OTC market.

Three motivations for this extension. First, in the first chapter of this dissertation, I understood
a market as being illiquid when an investor cannot immediately trade on it. I then studied
the interaction of such an illiquid market with a frictionless market to which investors have a

10The cross-sectional distribution of wealth is not necessarily constant over time. However, the equilibrium
policies are independent of the wealth, thanks to the CARA preferences, and this non-stationarity has no impact
on the equilibrium portfolios and prices.

11 endogenize the risk-profile e. in the first chapter of this dissertation. The assumption regarding the
non-collinearity of the vectors of exposures will hold in this case if e; and e; — ez are not collinear
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constant access. For convenience, I thus ignored that trading may very well be executed with
barely any delay but at a cost.

Second, on actual markets, there is usually a mix between trading delays and costs of trading.
For example, both illiquid bonds and CDS’s are traded OTC, usually via dealers. The interme-
diation of trading by dealers means that trading will involve both delays, because of the time
taken to contact the dealer and discuss the details of the transactions, and transaction costs in
the form of the fee collected by the dealer. For a trade in the illiquid bond, the intermediary
may act as a broker and search for an end-user willing to take the other side of the trade and
the main trading friction will presumably be the delay. Quite differently, for a liquid CDS,
the dealer is likely to propose a trade immediately and the main friction is likely to be the
intermediation fee. In this section, I attempt to capture these two aspects of illiquidity.

Third, Political attempts to tax financial transactions. See French example of a financial
transaction tax that applies to CDS trades but not to transactions in debt securities. Appear
that relies on assumption that CDS trading makes debt financing more costly.

In this section, I thus explore the interaction between illiquid OTC markets and markets that
are liquid, in the sense that a position can be liquidated at any time, but on which trading is
costly. My modeling of the transaction costs and the subsequent analysis are based on the
section 4 of Garleanu [2009].

I assume proportional transaction costs for the asset c. Namely, investors can purchase the
liquid asset c at the price

P.+gq,
and sell this same asset at
PC - q.

These two prices are taken as given. The constant g > 0 measures the bid-ask spread and is
exogenous. The mid-price P, is an equilibrium quantity.

In the static version of the model, an investor only trades on the exchange after being hit by
an exposure shock or after trading on the OTC market. This optimal trading activity results
from the combination of the CARA preferences with the absence of state variable induces.
In particular, the trading on the exchange in the baseline model is fully characterized by the
holdings adopted after each of the six possible type shocks. I assume the same type of trading
activity in the setting with transaction costs.

Assumption 18. In equilibrium, an investor only trades on the exchange after a change of her
type. I denote the portfolios adopted after each possible shock by
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shock | portfolio adopted
11—21 n(2])
21—11 7t (1))

21— 2h 7 (2hy)
2h—1h n(1h)
1h—2h 7 (2hyp)
1h—11 n(1lp)

and write I1 for the vector containing all six portfolios.

A few comments are in order. First, the type 1/ can be reached from the type 2/ by an exposure
shock and from the type 1/ by an OTC trade. In the baseline setting, the current type fully
determines the holdings in the liquid asset. In the setting with transaction costs, both the
fundamental exposure and the trade direction will determine the optimal holdings in the liquid
asset. Hence, the optimal portfolio may depend on both the current and last type, something
that Assumption 18 allows for. Second, some components of IT may be equal. This happens
when the transaction costs are sufficiently large to dominates a potential improvement of the
risk-profile. As is intuitively clear, for an arbitrarily large g an investor optimally decide to
never trades on the liquid market can be optimal. This corresponds to a vector of holdings in
Assumption 18 whose components are all equal. Third, assuming that Assumption 18 does not
hold largely amounts to assuming that investors react to the the introduction of the transaction
cost by trading more frequently. I do not think that such an assumption can be justified in
equilibrium.

An equilibrium with transaction costs is entirely similar to an equilibrium in the baseline
model. The only difference is the characterization of the optimal liquid holdings. Given the
equilibrium holdings IT and mid-price P, for the liquid asset and taking as given a trading
pattern on the OTC market, the value functions of the agents are still be characterized as the
solution to a system of HJB equations. Namely, I assume that the only transaction on the OTC
market are the sales of the illiquid asset by 1k-investors to 2/-investors. This means that the
only type changes induced by meetings on the OTC markets are of the form

(1h,20)— (11,2h)

)'12

and, as a result, occur at the rate Au(1h)u(21)."“ Given the trading on the OTC market, I can

121p the baseline setting, this trading pattern occurs is the unique equilibrium outcome exactly when

ellie seed(nin )

as shown in the first chapter of this dissertation. This is still the case for sufficiently small transaction costs g, as
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write the HJB equations. I then assume the form

V(w,if,n) = —e YW+alidm+a)
) ’

for the value functions and follow the same steps as in the first chapter. Again choosing

_wy 1
a=—

ry (—1 + g +yme +log(r))

and recalling the definition

1
K(iH,n)(é)Hmd+nmc—%f(l 0 n)Zi 0 2.9
T

for the flow of mean-variance benefits, these steps yields the characterization

ra(llyp) =x 1L, x(1hLp)+0(y)

a2l)
+A2| —@RD-7whp) (Pe— q+29Yimemns>ran,)
—a(lly)
ra(lly) =x(11,1l)) +0(y)
a2l
+A2| @D -7 1h)) (Pe—q+2qlmenysnab)
—a(1lly)
ra(lh)=x(1h,n(1h))+0O(y)
ahyp)
+A2| —@@hyp) — (L) (Pe— g +2qLgmen,)>nany)
—a(lh)

shown in Appendix B. For general values of g, I must check the consistency numerically. Note that the proof for
small transaction costs in the appendix is not immediate because in the setting with transaction costs 4 trades may,
a priori, generate a surplus. These trades are

(1h,2l) — (@11,2h)

(2h,1) — (2L,1h)
(1h1ly) — (1L, 1h)
(2h.2ly) = (2lp,2h)

As the two last candidates are original to the setting with transaction costs, a continuity argument based on the
baseline setting is not sufficient to characterized when the trade

(1h,2D) — (11,2h)

is the only one that is profitable.
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a2hs)
+2Au20) —(H(Zhs)—JT(ZI))(Pc—q+2q1{n(2hs)>n(21)})
-@P, - a2l)
ralh)=«x@Lx2D)+0(y)
a(lly)
+A21| =@l —7w2D) (Pe— q+29lizanpsneD;)
—-a2l)
a(2hyy)
+2Au(Lh) | =@ 2ha) = (2D) (Pe — G+ 291 in2nyp>n2i))
—-OP,;—a2l)
ra2hy;) =« 2h,m (2hy))) +0(y)
a(lh)
+ 21| = @(@Ah) =7 2h2) (Pe = G +2q Lz my>nho)
—a(lhyp)
ra2hyp) =x 2h,w2hyp) + O (y)
a(lh)
+ 21| —@Qh) =71 2hp)) (Peo — g +29Limany>neh) (2.10)
-a(2hp)

of the value functions. The illiquid asset trades at the price
Pg=mn2(ah) —a(llp)+mp(ahy) —ah)+0(y),

which is a weighted average of the reservation values of the two traders.

I add two comments. First, the system (2.10) is linear in the unknowns “a(:)”. As a result, my
efforts will be focused on the characterization of the equilibrium holdings IT and mid-price P,
of the liquid asset. The value functions and bargained prices then follow.

Second, there are now six types instead of four in the baseline model. Let us see why. With
proportional transaction costs, the marginal cost of buying the liquid asset and the marginal
revenues from selling the liquid asset are strictly different. As a result, if the type change

1h—11
triggers a purchases of the liquid asset but the type change
2l—11

triggers a sale, the risk profile of an agent of current type 1/ depends on what her previous types
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was. This means that a correct analysis of the mode with transaction costs must sometimes
complement the current type with the previous type. Formally, I split the type 1/ into the
subtypes 11, and 11,;. Similarly, I split type 2h into the subtypes 2hy; and 2h, ;. The absence
of a well-defined marginal price makes the analysis of the additional sub-types necessary.

The absence of a marginal price also makes a characterization of the equilibrium holdings IT
and mid-price P, challenging and best split into two steps.

The first steps assumes a “pattern” of trading on the liquid market p and derives the optimal
holdings I1(p). Formally a pattern of trading on the liquid market indicates for each type
change whether it triggers a purchase, a sale, or no trade on the liquid market. Formally, the
pattern of trading p is an element of

P A b,s, ®}#{Wpe shocks} ’

with b standing for “buy”, s for “sell”, @ for “do not trade”, and # {type shocks} being the
number of different type shocks that an investor can incur. As can be checked, in Figure 2.4,
this number equals 6 in the current setting.

If the investor places, say, a buy order, both an adjustment upward and an adjustment down-
ward of the order are done with the ask-price as the marginal price. In particular, by defining
when investors trade and in which direction, I defined a set of marginal prices from which I
can derive optimal holdings. This is the object of the next proposition.

Proposition 19. Let us take as given a pattern p of trading on the liquid market. Then, the
equilibrium mid-price P.(p) and holdings I1(p) for the liquid asset are uniquely characterized
as follows.

1. For any time t, the holdings process () satisfies both

T
Pc+qzE, f e "7 (0K (i505, 7)) ds
t (2.11)
+E;[e”" (P + qP; [ buy next] — qP; [sell next])| + O (y)
and
T
P.—q<E f ™" (Onx (1505, 71))) ds]
t (2.12)
+E;[e”"" (Pc + qP; [buy next] — qP; [sell next])| + O (y),
with

Téinf{s> s A}
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being the time of the next trade on the liquid market,
P, [buy next| Sp, i, >, ]

being the probability of the next trade being a purchase, and
P, [sell next] = Pilm; <m;_]

being the probability of the next trade being a sale.

2. If T coincides with the next change of type, the first-order conditions (2.11) and (2.12)

become
1 . Ar
P = - Onk (i10,71) —q—2qP; [ > 7] - (2.13)
and
1 ) Ar
P, < ;(OnK(lth,nt))+q+2qP,[nT >n7_]7, (2.14)

respectively, with T being the arrival rate of the next type change.
3. If the investor purchased the liquid asset at time t, meaning that
Ty >TMt—,

then, the inequality (2.11) holds with equality. Similarly, if the investors sold the liquid
asset at time t, meaning that

M <TM¢—,
then the inequality (2.12) holds with equality.
4. The optimal holdings adopted after a trade are affine decreasing in the price P.. In
particular, there is exactly one equilibrium price P, that clears the liquid market.

Proof. See the Appendix. The argument is based on Section 4.2 in Garleanu [2009]. O

If all the components of 7 are distinct, the time of the next trade always coincides with the
next type change and we can focus on the case 2 of the last proposition. However, when the
transaction costs are relatively large, it may be optimal to sometimes refrain from trading after
a type change. This will translate into some of the components of I1 being identical, and into
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the next trade time not being distributed as an exponential random variable. As a result, we
must sometimes rely on the general first-order conditions in the point 1 of the last proposition.

I now turn to the second steps for the characterization of the equilibrium mid-price P, and
holdings I1. This second step starts with the vector of holdings defined in Proposition 19 and
derives a new pattern p’ for the liquid market. Namely, the differences between the holdings in
Proposition 19 define when the investors buy and when they sell. This defines the components
of p’ corresponding to the values “buy” or “sell” in the original pattern p. For those type
changes that did not trigger any trading in p, we can check whether this behavior is optimal.
Namely, we can check whether the first-order condition for a marginal purchase (2.11) holds
and, should this not be the case, set the relevant component to p’ equal to “buy”. Similarly,
should (2.12) not hold, we set the relevant component of p’ equal to “sell”.

Combining the two steps defines a mapping from the set 22 of trading patterns into itself &
and solving for the equilibrium mid-price P, and holdings IT amounts to finding a fixed-point
of this mapping. The next proposition indicates that such a fixed-point always exists. The
proof of the proposition is constructive and the basis for a numerical solution of the model.

Proposition 20. For any transaction costs q, there exists an equilibrium with transaction
costs.'3 These equilibria are continuous in q and are characterized by a sequence of thresholds

5]1) 5’2) e 5]5-
As long as the transaction costs are small enough, meaning
qa<d,

then, the pattern of trading p € 22 on the liquid market is the same as in the baseline setting
without transaction costs. For larger transaction costs, meaning

a1 =q<qo,

one of the transactions in the pattern p collapses, meaning that one of the components of p
switches from either “buy” or “sell” to “do not trade”. One more transactions collapses at each
thresholds. For large enough transaction costs, meaning

there is no trading at all on the liquid market and each investor holds the same holdings S, in
the liquid asset c.*

13Recall, however, that the ex ante assumption regarding the trading pattern on the OTC market must hold.
14 Arguably, referring to an asset that nobody trades as being liquid may seem clumsy. I however understand an
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The equilibrium holdings 11 and price P, along with the thresholds §; ... gs, can be character-
ized in closed-form.

Proof. See the appendix. O

The exact equilibrium behavior depends on the relative values of the exogenous parameters.
In particular, an exhaustive description of the order in which the six trades collapse requires
the handling of a large number cases.'® These cases are qualitatively similar but distinct in
terms of algebraic expressions. For this reason, I make certain parametric assumptions.

First, I want the assets to be substitutes for each other, meaning that investors buy the liquid
asset while attempting to buy on the OTC market and then reduce their exposure to the
liquid asset once the trade on the OTC market is completed. As shown below, the suitable
assumptions to capture this behavior are

) |ac aq
= . >O 2.15
o ® (1)) 215

and

(““) : (“1 _az) >0, (2.16)
be| \B1— P2

Second, I want the marginal buyer of the asset to have a high valuation. A marginal investor
with a high valuation for the asset ensures that illiquidity decreases the price of the illiquid
asset. Keeping in mind our prime example of the OTC market as being a bond market, it seems
empirically clear that the illiquidity spread should be positive. Third, I assume that a majority
of investors have a high valuation for the illiquid asset. Equivalently, I may assume that a
given investors spends more time with a high valuation than with a low valuation. This is
consistent with an interpretation of the low-valuation state representing a transitory crisis

requiring the liquidation of certain illiquid positions. The next assumption collects these three
requirements on the model parameters.

asset as being liquid if it can be traded without delay. Even with large transaction costs, investors can trade the
liquid asset whenever they want.

151n the baseline model, the trading on the liquid market can be decomposed as a component due to a trade
on the OTC market and a component due to a change of exposure. Depending on the sign of each component,
there can be 4 = 2 x 2 asymptotic trading patterns p when the transaction costs g vanish. Each asymptotic trading
pattern comprises 6 trades. A priori, there are 5! = 120 ways of choosing the order in which these trades vanish (the
two last trades must vanish simultaneously). A gross a priori estimate of the number of cases to consider for a
comprehensive analytic characterization of an equilibrium with transaction costs is thus 4 x 5! = 480. This number
must be adjusted downward, because certain trades must disappear before other ones, as can be seen in the proof.
The overall number of cases would remain substantial, though.

60



2.3. Transaction Costs

Assumption 21. 1. The liquid asset is a substitute for the illiquid one, meaning
@) |4c aq
Ocgd = . >0,
e [4r7 2] 0.
bc ,61 - ,52

2. A spell with a low valuation is shorter on average than a spell with a high valuation,

(2.17)

meaning

/112 > 121.

3. The marginal holder of the asset traded OTC has a high valuation, meaning

Sa
> —.
H2 0

In the next proposition, I partially characterize an equilibrium under Assumption 21.

Proposition 22. Let us assume that Assumptions 21 holds. The threshold ¢, until which every
type change triggers a trade is

ry®o .4
r+ 112 + ZAIU(ZI) ’

.1
q1= 5
For q < ¢1, the trading pattern is

whose valuation for the illiquid asset increases | buy
whose valuation for the illiquid asset decreases | sell

] [r the liquid L.
Hnuestors who buy the illiquid asset sell ¢ fquic asse
who sell the illiquid asset buy
and the equilibrium mid-price P, is

with the limit value P.|,- being the same as the price in the baseline setting and the sensitivity
Dy being

1
@, = (— - —) (Aa1 @D + Aap(1h) = 2Au(1 ) p(2D)).
The sensitivity @ is increasing in the meeting rate A.
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For larger transaction costs, meaning

h<q,

the sellers of the illiquid asset keep the same liquid holdings both while searching for a counter-
party and after having traded OTC. For transaction costs in the interval

qe [671’ 672) ’
the equilibrium mid-price P, is
Pe= Pclg=0+ P19 +0(y), (2.19)
with
A 2
) = Oy + —2Aph)pl).
A2

An explicit expression for ¢, is stated in the proof.

The sellers are on the short-side of the market. Finding a counter-party is thus comparatively
easy for them and they expect the search for a counter-party to be brief. When weighing the
costs and benefits of hedging a sub-optimal on the liquid market, the sellers are thus the first
ones to reduce their trading frequency.

The mid-price P, is increasing in the meeting rate A. The intuition for this result is the
following. First, by increasing the meeting rate A, the volume of trading on the OTC market
increases, meaning that the rate at which investors undo their hedges increases as well. Hence
increasing A increases the rate at which investors enter both the type

10
of those agents having successfully sold the illiquid asset and the type
2hy

of those agents having successfully bought the illiquid asset. Now, Assumption 21 ensures
that investors recovers from the low-valuation state 1/, faster than they drop from the high-
valuation state 2h,;. Hence, in a stationary equilibrium, it must be that the mass

w1y
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increases by less than
K2hyy).

Asthe 11y, investors last bought the liquid asset and the 2 h,; investors last sold the liquid asset,
increasing the meeting rate A increases the proportion of investors across the population who
last sold the liquid asset. Proposition 19 shows how this increase increases the demand for the
liquid asset and, as a result, increases the equilibrium price P,.

The mid-price P, is increasing in A. Importantly, however, the joint effect of the search friction
and the transaction costs on P, is ambiguous. More specifically, the price difference

P.— (Pc|(q,%):(o,o))
can be either positive or negative, with an exact characterization depending on the difference

Sa

#2-—6

between the proportion of investors with a high-valuation and the supply of the illiquid asset.

When the first trade collapses at g = 4, the dependence of the mid-price on the transaction
costs is shifted by

2
= aAp ) pED,
A2

a positive quantity. This is intuitive. Indeed, the first trade to collapse is a purchase. Hence,
this collapse increases the proportion of investors who last sold the liquid asset. According
to Proposition 19, this increases the demand for the liquid asset, which results in a higher
equilibrium price P,.

To sum up, propositions 20 and 22 describe how trading on the liquid market collapses when
the transaction costs increase. The most interesting consequences of this collapse is probably
its impact on the OTC market.

The solution to the HJB equations (2.10) can be characterized in closed-form using an appro-
priate software. I can thus explore how the transaction costs on the liquid market impact the
price of the asset traded OTC. I do so in Figure 2.6.1

16The equilibrium quantities are, strictly speaking, available in closed-form. However, the expressions for the
equilibrium quantities are cumbersome and, in my view, difficult to interpret. This is why I focus on a numerical
example. Further, checking the consistency of the trading pattern on the OTC market is also a cumbersome exercise
that is best performed numerically.
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Figures 2.5 shows us an ambiguous relationship between the transaction costs incurred on the
exchange and the prices bargained on the OTC market. In particular, the bargained prices are
first decreasing in the transaction costs, up to a threshold, and then tends to be increasing.
The threshold is increasing in the search friction on the OTC market.

This pattern can be intuitively understood with the help of Proposition 22. The first thing to
realize is that investors are more affected by the transaction costs if they trade more. Now,
investors on the short-side of market trade faster on OTC market because they hedge and
unhedge at a higher rate on the liquid market. As a result, they are comparatively more affected
by an increase of the transaction costs. Following the literature, I chose the seller of the illiquid
asset to be on the short side of the market. As a result, at first, any increase of the transaction
costs is relatively more harmful to the sellers’ outside options, which decrease the bargained
price. This explains the decreasing portion of the curves in Figure 2.5. If the transaction costs
increases further, investors must balance the cost and benefits of hedging a sub-optimal on
the OTC market with the liquid asset. On the one hand, hedging the sub-optimal exposure
improves the risk-profile while searching for a counter-party. On the other hand hedging
and undoing the hedge means that round-trip transaction costs are incurred. Intuitively, the
hedge is only rational if the expected search time is large enough when compared with the
transaction costs. The agents on the short-side of the market can trade faster on the OTC
market. As a result, when the transaction costs g increase, they are the first ones to refrain
from hedging with the liquid asset. The point at which the investors on the short side of the
market adjust their trading pattern for the liquid asset is the threshold 4 in Proposition 22.
This threshold corresponds to the kinks in Figure 2.5. Beyond the threshold 4, investors on the
long side of the market trade more on average that investors on the short side. As a result, any
further increase of the transaction costs will disproportionately hurt those agents on the long
side of the market. As the buyers are on the long side of the market, any such increase of the
transaction costs makes the bargaining position of the buyers relatively worse, which induces
a price increase.

Finally, interesting to note that the spillover effect of the transaction costs on the OTC market is
much stronger than the effect on the liquid market itself. The spillover effect is of the order of
50bp for transactin costs of 50bp, whereas the effect on the liquid market itself is approximately
five times smaller.

2.4 Conclusion

I studied an economy in which risk-averse investors share endowment risk by trading two
imperfectly correlated assets. The first one is traded on an exchange, with a constant bid-ask
spread, whereas the second is traded on on illiquid OTC market. I follow Duffie et al. [2007] for
the modeling of the OTC market. Liquidity, measured by the meeting rate, affects investors
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both because contacting a potential trading partner is time consuming and because prices are
not competitive. The interaction between the two markets is driven by the investors who use
the exchange as a substitute for the OTC market and hedge on the exchange while searching
for a counter-party on the OTC market.

I show the existence of an equilibrium for any level of transaction costs and obtain closed-form
expressions for the equilibrium quantities. The existence argument is non standard because
the transaction costs introduce discontinuities in the equilibrium equations.

The search frictions on the OTC market affect the price of the asset on the exchange. As made
clear by Garleanu [2009], the equilibrium effect of transaction costs depends on the imbalance
between the investors who last purchased and those who last sold the asset. When the meeting
rate on the OTC market varies, so does the rate at which investors hedge (by both buying and
selling) on the exchange, and whether the buying or selling pressures dominates depends on
the dynamics of the hedging demand. I show that, when low valuation spells are relatively
short, the search friction on the OTC market increase the risk premium on the exchange.

The transaction costs on the exchange have two main effects. First, they make the marginal
cost of trading on the exchange higher. Investors optimally react to these costs by reducing the
size of their transactions when they trade. Second, the transaction costs also make trading on
the exchange less frequent. Indeed, when an investors receives a shock to her hedging demand,
she balances the costs of trading on the exchange, the optimal risk-profile that she may achieve
by trading, and when this risk-profile will have to be adjusted again. When the transaction
costs are high enough, the round-trip transaction costs can dwarf the improvement to the
risk-exposure and investors optimally decide not to trade after certain idiosyncratic shocks.

As the transaction costs increase the costs of hedging, they also affect the outside options of
the agents bargaining on the OTC market. As I show with numerical examples, the relationship
between the transaction costs on the exchange and the price bargained on the OTC market is
non-monotonic.

I can draw a parallel between the predictions of my model and current regulatory proposals
aiming at taxing CDS trading. The equilibrium behavior of my model indicates that making
CDS trading costly may indeed decrease bond yields. The equilibrium relationship between
taxes and yields is, however, non-monotonic, and depends in a rather subtle way on the
strength of the trade motives, their dynamics, and the relative levels of the two types of
illiquidity. A financial transaction tax may thus decrease debt financing, but the exact effect is
hard to predict. Introducing a financial transaction tax to decrease borrowing yields seems to
be a hazardous strategy.
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In some future work, I intend to intermediate the level of frictions on the two markets. More
specifically, the level of transaction costs on the exchange will be optimally chosen by an
intermediary maximizing her revenues, whereas the trading on the OTC market will be inter-
mediated by dealers who optimally choose, for a cost, the frequency at which they can get in
touch with investors.
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Chapter 2. Pay or Wait: Equilibrium Prices with Two Trading Frictions
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Figure 2.1: These plots represent stylized paths for the valuation (above) and holdings (below)
of a given investor. For the holdings, the solid line represents the holdings in the illiquid asset
traded OTC, say a bond, and the dashed line the holdings in the liquid asset, say a CDS contract
(as a protection seller). The shaded areas represent the periods during which the investor is
searching for a counter-party on the OTC market to re-balance her illiquid holdings. During
these periods, the exposure to the asset traded on the exchange is adjusted so as to mitigate
the sub-optimal exposure to the asset traded OTC. These plots illustrative and not based on
the parameters in Table 1.1
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Figure 2.2: These plots illustrate the impact of introducing transaction costs on the liquid
market. The path of valuations, at the top, is the same as in Figure 2.1. There are then three
stylized paths of holdings in the illiquid asset traded OTC, say a bond, and the holdings in the
liquid asset, say a CDS contract (as a protection seller). In the second panel, the transaction
costs g are low (second panel) and the investor adjusts her risk-profile using the CDS whenever
she is trying to trade the bond. In the third panel, the transaction costs g are larger and an
investor only find it optimal to trade the CDS, and incur the round-trip transaction costs, whgn
she expects the re-balancing of her bond portfolio to be a lengthy process. For example, the
investor hedges her exposure when she is on the long side of the market but not when she is
on the short side. In the fourth panel, the transaction costs g are so high that investors do not
hedge their sub-optimal bond exposure anymore. These plots are illustrative and not based
on the parameters in Table 1.1.
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Figure 2.3: The four types of investors in the base model. Each arrow indicates a flow. The
number on each arrow indicates the transition intensity for a given investor.
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Figure 2.4: The six types of investors in the model with proportional transaction costs. Each
arrow indicates a type flow. The number on each arrow indicates the transition intensity
for a given investor. A solid arrow indicates a buy transaction on the exchange. A dashed
arrow indicates a sell transaction on the exchange. The transaction signs are based on the
assumption that 2-agents have a high valuation of the asset traded OTC.
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Table 2.1: Base parameters for the setting with transaction costs

notation parameter base value
Se¢ supply of the asset on the exchange 1
Sa supply of the asset traded OTC 1
Min M2n  bargaining powers %
A21 arrival rate of idiosyncratic liquidity shocks %
A12 recovery rate from a liquidity shocks 2
r risk-free rate 0.037
me expected payouts of the asset on the exchange 0.05
mg expected payouts of the asset traded OTC 0.05
(aq,bg) exposures of asset traded OTC (—0.076,—-0.528)
(ac,b:)  exposures of liquid asset (—=0.534,0)
(a1,61) exposures of endowment of type 1 (-1.335,1.156)
(a2,82)  exposures of endowment of type 1 (0.133,-0.116)
Y coefficient of absolute risk aversion 5.01
C] holdings in the asset traded OTC 2.5

Choice of the parameters The asset supplies are normalized to 1 and I assume symmetric
bargaining powers. The dynamics of the idiosyncratic shocks are taken from Duffie et al.
[2007]. The risk-free rate and expected payouts of the assets are the same as in Garleanu [2009]
(the calibration in Garleanu [2009] is itself based on Campbell and Kyle [1993] and Lo et al.
[2004]). The exposures of the assets and endowments are chosen to satisfy the three following
conditions.

1. The payouts of each risky asset have a volatility of 0.285, which is the same as in Garleanu
[2009].

2. The correlation between the payouts of the two risky asset is 0.5, which is the same as in
Longstaff [2009].

3. There is no aggregate endowment risk, which is the same as in Garleanu [2009].

These three conditions do not uniquely characterize the exposures. As a result, I arbitrarily set
b, to zero. This leaves four possible sets of parameters, among which I again choose arbitrarily.
Finally, the risk aversion y and holdings © in the illiquid asset are chosen to have an equity
premium return of 0.031 for each or the risky asset when the search friction vanishes. This
equity premium is the same as in Garleanu [2009].
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Figure 2.5: Price P, of the illiquid asset traded OTC as a function of the transaction costs g
for the liquid asset. For the sake of comparison, the price P, is normalized by the value P
corresponding to the absence of transaction costs. The relationship between the transaction
costs on the liquid market and the price of the illiquid asset traded OTC is ambiguous. When
the transaction costs are small when compared to the search friction, the price bargained
OTC is decreasing in the transaction costs. Beyond a certain threshold, however, the price
bargained OTC becomes increasing in the transaction costs. This figure 2.5 is based on the
parametrization in Table 1.1.
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Figure 2.6: Price P, of the illiquid asset traded OTC as a function of the transaction costs g
for the liquid asset. This plot displays the absolute prices used to calculate the relative prices
in Figure 2.5. The price effect of the search friction on the OTC market appears to dominate
the spill-over effect coming from the transaction costs on the liquid market. This figure 2.6 is
based on the parametrization in Table 1.1.
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Figure 2.7: Price P, of the liquid asset as a function of its transaction costs g. The price P, of
the liquid asset is decreasing in the transaction costs. The sensitivity of P, to the transaction
costs is increasing in the search friction. In terms of magnitude, the impact of the transaction
costs g on the price P, of the liquid asset is of the order of 10bp. This is about one fifth of
the spillover effect induced by the transaction costs on the OTC market. The magnitude of
the spillover effect is of about 50bp, as shown in Figure 2.5. This figure 2.7 is based on the
parametrization in Table 1.1.
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8] Asymmetric Information and Inven-
tory Concerns in Over-the-Counter
Markets

We! study how transparency, modeled as information about one’s counterparty liquidity
needs, affects the functioning of an over-the-counter market. In our model, investors hedge
endowment risk by trading bilaterally in a search-and-matching environment. We construct
a bargaining procedure that accommodates information asymmetry regarding investors’
inventories. Both the trade size and the trade price are endogenously determined. Increased
transparency improves the allocative efficiency of the market. However, it simultaneously
increases inventory costs, and leads to a higher cross-sectional dispersion of transaction
prices. For investors with large risk exposure, the increase of the inventory costs dominates the
benefits of the market efficiency. We link the model’s predictions to recent empirical findings
regarding the effect of the TRACE reporting system on bond market liquidity.

3.1 Introduction

A common concern about over-the-counter (OTC) markets is their opaqueness—investors
transact, often unaware of prices available from other counterparties and with little knowledge
of trades negotiated recently.? Given the important role that OTC markets played in the global
financial crisis, many regulators have attempted to shed some light on those so-called dark
markets.> Perhaps the most notable reform aiming at an increased transparency was the

IThis chapter is joint work with Julien Cujean (Robert H. Smith School of Business, University of Mary-
land, 4466 Van Munching Hall, College Park, MD 20742, USA; +1 (301) 405 7707; www.juliencujean.com;
jcujean@rhsmith.umd. edu). We thank Pierre Collin-Dufresne, Jens Dick-Nielsen, Julien Hugonnier, Semyon
Malamud, and Lasse Pedersen for their comments and suggestions.

2For a reference, see Duffie [2012].

3For example, the Financial Stability Board names transparency and the public dissemination of trade data as
a main objective of introducing trade repositories for OTC derivatives trading. See, for instance, Board [2013] for
more detail.
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Dodd-Frank Act.*

There are costs and benefits associated with an increased transparency. For instance, post-
trade transparency—the availability of past transaction data—may lead to a more efficient
asset allocation. It may, however, expose dealers to predatory behaviors and significantly
reduce their incentives to take on inventory risk and provide liquidity. It is thus important
question to determine to whom the costs and benefits of transparency accrue.

To address this question, we develop a general equilibrium model of an OTC market in which
investors trade an asset to share endowment risk. Trading the asset first requires finding a
counter-party, and we follow the search-and-matching approach developed by Duffie, Gar-
leanu, and Pedersen (2005, 2007). Upon matching, agents bargain on the conditions of the
transaction. To model transparency, we introduce information asymmetry among traders. We
define transparency as a traders’ ability to get information about their counterparties’ inven-
tory. Information asymmetry creates an adverse selection problem that makes it more difficult
to execute large trades.’ This aspect allows us to determine how regulatory requirements (e.g.,
TRACE) make inventories riskier.

In the presence of asymmetric information, the usual Nash bargaining solution characterizing
bilateral trades is inadequate. We select an alternative bargaining protocol, which resembles
the real-world mechanism used in the dealership market. Namely, one agent (say agent 1)
posts a quote and the other (say agent 2) decides how many shares to buy or sell at that price.®
We assume that, before posting the quote, agent 1 receives a signal about the inventory of agent
2. We view this signal as an attempt of agent 1 to extract information about agent 2’s liquidity
needs from past trading data, a natural outcome of post-trade transparency. The quality of
this signal precisely captures the notion of transparency we pursue: the more detailed trading

data is available, the better the information about inventory concerns of any given trader is.”

Information asymmetry significantly complicates the analysis of the model. Our model,
however, remains very tractable. We first solve for an investor’s optimal trading strategies
taking the cross-sectional distribution of inventories as given. Second, we endogenize this
cross-sectional distribution. In particular, optimal trading strategies define the inventory
dynamics, which, in turn, determine the cross-sectional distribution of inventories. We
demonstrate that optimal strategies are linear in the inventory and signal of investors, making

4The corresponding regulation for the US Bond market, the Trade Reporting And Compliance Engine (TRACE)
exists since 2002. The corresponding European reform is the Market in Financial Instruments Directive (MiFID II).

5A quote request is usually followed by both a bid and an ask price being quoted. In this case, both prices
would probably be tilted to disguise the attempted rip-off.

6Quotes on bond markets do not usually depend on the quantity exchanged. See, Li and Schiierhoff (2012).

"The effects of post-trade transparency on inventory risk are particularly strong is markets with moderate/slow
trading activity. In this case, even anonymized post-trade transparency can make it possible to infer traders’
identities from post-trade data.
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it possible to solve for a stationary equilibrium in closed form.

We show that an increase in transparency has three main implications for inventory costs and
several dimensions of liquidity.? First, we show that transparency always increases inventory
costs. This happens via two different channels. On the one hand, transparency exposes any
given investor with large inventories to predatory pricing. On the other hand, as transparency
improves the allocative efficiency of the market, it becomes more difficult for an investor with
excessive exposure to find a counter-party with large and opposite liquidity needs. This second
effect exacerbates the first one and is driven by the endogenous distribution of inventories.

Second, we get the more intuitive result that increased transparency always leads to a more ef-
ficient allocation of the asset, leading to less dispersion in inventory risk across the population
of investors. As a consequence, we show that the cross-sectional variance of the trade sizes at
any given moment is monotone decreasing in the degree of transparency of the OTC market.?

These two implications together imply that the effect of transparency on investors’ value
function is ambiguous. On average, investors benefit from an increased transparency and the
resulting improvement in the allocative efficiency. In particular, transparency improves welfare.
However, those investors with a sufficiently large (long or short) exposure find it increasingly
costly to liquidate their position and would benefit from a more opaque market. We obtain
an explicit expression for the exposure levels starting from which investors prefer opacity to
transparency. This result is in line with the heterogeneous reactions to the introduction of
TRACE, with negative reactions on the part of many institutional investors.'? As our model
predicts, transparency is detrimental to agents facing large exposures.

Finally, we show that the price dispersion—the cross-sectional variance of the transaction
prices at a given moment—on the OTC market is increasing in the transparency of that market.
Two opposite channels operate to generate this result. First, investors being risk averse, the
price of a transaction depends on investors’ reservation values for trading. As transparency
tends to make risk sharing more efficient and to reduce the dispersion of the reservation
values, there is a first channel whereby transparency reduces the cross-sectional dispersion
of prices. Second, transparency simultaneously increases inventory costs, and the price of
a given transaction will therefore drift away from the competitive price when transparency
increases. In equilibrium, this second effect dominates, and the dispersion of prices increases
with the transparency of the market.

8We define the inventory costs as the reservation value of an investor who deviates from a zero risk exposure.
9A more natural measure of the trade sizes would be the average size. This is, actually, the average across all
the trades of the absolute value of the quantity exchanged. Due to technical difficulties, we cannot characterize
this quantity analytically.
10gee, for instance, Decker [2007] and Bessembinder and Maxwell [2008].
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Literature review Our model builds on the literature modeling OTC markets. This literature
started, to a large extent, with Duffie et al. [2005] and Duffie et al. [2007]. The bilateral trades
in these models are characterized by the Nash bargaining solution and, as a result, not natu-
rally suited to accommodate information asymmetry, inter-dealer market but no inventories.
Furthermore, the transaction size is exogenously fixed, which prevents a discussion of the
different costs and benefits to agents with moderate and large liquidity needs.

An alternative strand of literature considers the equilibrium effect of an intermittent, and
sometimes costly, access to a centralized market. This literature started with Lagos and
Rocheteau [2007] and Lagos and Rocheteau [2009]. These models allow for portfolio decisions,
but the inter-dealer is assumed to be competitive and dealers do not keep any inventories.

Our model is also related to classical references on inventory risk such as Ho and Stoll [1980]
and Ho and Stoll [1981]. These references do not consider, however, the feedback effect of the
intermediation on the liquidity needs of the investors. This equilibrium effect is at the core of
our analysis.

The explicit bargaining procedure that we devise means that our model is also related to
Samuelson [1984], Grossman and Perry [1986], Mailath and Postlewaite [1990]. In these
references, just like in the classical references on inventory risk, there is no feedback effect of
the quoting strategy on the distribution of valuations.

References such as Blouin and Serrano [2001], Duffie and Manso [2007], Duffie et al. [2009],
and , Duffie, Malamud, and Manso [2010] consider asymmetric information in decentralized
markets. However, these references focus on common value asymmetry whereas we analyze
a setting with private value asymmetric information. Also the references do not consider
portfolio decisions.

To obtain the equilibrium expressions in closed-form, we assume that agents are only risk-
averse with respect to certain risks. The same procedure was used, for instance, by Biais
[1993], Duffie et al. [2007], Vayanos and Weill [2008], Garleanu [2009]. Other references using
“source-dependent” risk-aversions include Hugonnier et al. [2013] and Skiadas [2013].

Finally, in terms of formalism, the interaction between the distribution of types, the individual
policies, and the value functions, means that our model is related to the literature on mean-
field games, as introduced by Lasry and Lions [2007].

The outline of the paper is as follows. Section 3.2 describes the assets, investors, and other
exogenous elements of our model. Section 3.3 solves for the optimal policy of an individual.
Section 3.4 maps a certain trading pattern on the OTC market to a consistent cross-sectional
distributional distribution of types. Section 3.5 solves for the equilibrium of the model and
discusses its properties. Section 3.6 concludes.

78



3.2. Model

3.2 Model

In this section, we present the various exogenous elements of our model economy.

Assets and Investors

In our model, investors trade bilaterally to share risks. Our model is based on Lo et al. [2004],
from whom we borrow the specification of the trade motives, and on Duffie et al. [2005], from
whom we borrow the meeting technology on the OTC market. The exact bargaining procedure
that defines the trade details is original.

There are two assets. First, there is a risk-free bond freely traded and whose rate of return r is
exogenously given. Second, there is a risky asset (“the stock”) whose cumulated payouts

(D) =0
is an arithmetic Brownian motion. Namely,
th =mgy de+ UddB[, t=0,

with ¢ and o being two constants and (B;) ;¢ being a Brownian motion.

The economy is populated by a normalized continuum of investors. The investors trade the
stock for risk-sharing motives. Namely, each investor a receives an endowment

(77?) =0

whose dynamics are given by

)y

dn? = Ztath
dz; 0q.dB}

with (Bf) -
dividends of the stock. By idiosyncratic we mean that there is one such process per investor

being an “idiosyncratic” Brownian motion independent from the one driving the

and that these processes are sufficiently independent for a version of the Strong Law of Large
Numbers (SLLN) to hold cross-sectionally.

To sum up, the same aggregate risk factor drives the payouts of the stock and the endowment
of the agents over the short-term. However, the level to which an endowment is exposed to
this aggregate risk factor evolves in an idiosyncratic way.
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Trading

Illiquidity on an OTC market materializes in that a counter-party is only infrequently available,
does not necessarily want to trade the right quantity, and not necessarily at the right price. We
capture the first of these aspects by assuming that an investor can only contact a counter-party
at the jump times of a Poisson process with intensity A. The counter-party who is contacted is
drawn uniformly from across the population.

Once two investors are in contact, they must evaluate whether or not they wish to trade the
stock and, if so, what the exact terms of the transaction should be.

On actual OTC markets, a common procedure to arrange a deal with a dealer is to ask the
dealer for a quote and, assuming that the quote is deemed good enough, indicate how much
of the asset one would like to either buy or sell. The quote usually consists of both a bid and
an ask price.

For the trading in our model, we assume a stylized version of the previous procedure. Namely,
once two investors are in contact, one of them quotes a binding price and the other one
chooses a quantity to be exchanged at the quoted price. The exact bargaining procedure
follows.
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Bargaining 1:

Assume that the investors a (like “asks”) just contacted the investor g (like “quotes”). These
investors are identified with their “types” z,, z4, respectively. The distribution of the types
across the population is .

(i) a asks g for a quote.

(ii) if g finds it optimal to quote a price then

1. g receives a signal s, regarding the type of a. Namely,
Sa=Xzq+(1-X)(, 3.1)

with X ~ B(1,7) and { ~ u being independent of each other and of both z, and z,.
Intuitively, the signal is exact with a probability T which we call the transparency of the
OTC market. In the other case, the signal is a pure noise.

2. g quotes a price p = p(q, s,) at which she is willing to trade with a
3. achooses which quantity g(a, p) she would like to buy (if g = 0) or sell (if g < 0).

4. g gives q units of the stock to a, a pays the amount pg(a, p) to q

end
(iii) the two investors part ways.

Two comments are in order. First, when quoting the price p, the investor g may not be fully
aware of the characteristics of a. This uncertainty regarding the valuation of one’s counter-
party is the type of opacity that our model captures.

Second, we assume that g quotes a unique price instead of both a bid and an ask price, as
actual dealers would do. This assumption is made for the sake of tractability. This, said, as
long as g has an accurate enough guess of a’s valuation for the asset, g knows with some
confidence whether the trade is going to be a buy or a sell. In particular, even if both a bid and
an ask prices are quotes, only one of them is truly relevant.

Preferences

The investors maximizes their expected utility from consumption and have a utility function
with constant absolute risk-aversion (CARA, or exponential, utility). Namely, an investor a
solves the individual optimization problem

sup E [ f e P'U (e, dt (ip)
0

(€ i=0
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with the utility function
Ux) & -1

over the “admissible” consumption policies. The constant y > 0 is the coefficient of absolute
risk-aversion. A consumption policy (¢;) ;¢ is admissible if it satisfies two conditions.

1. The consumption policy can be financed, meaning that it satisfies the budget constraint

dw? = riv,dt - &;dt +dn% +0,dD; — Pydf,, t 2 0. (bc)

In this last expression, the quantities with a tilde () are endogenously chosen, whereas
the other ones are fully exogenous. The interpretations of the endogenous quantities
are as follows. ] denotes the amount invested in the bond and 6, the number of stock
shares held. The holdings 6, can only be adjusted when another investor is met and,
during such a meeting, both the change in holdings dd; and the payment B, df, are
defined by the bargaining procedure described in Table 1. That is, P, is not a unique
price in that it is contingent on the types of agents involved in a particular meeting.

2. The wealth process (iy) ;»( satisfies the transversality condition
lim E[e ""%T] = 0. (tc)
T—o0

This regularity condition forbids the “financing” of consumption by an ever increasing
amount of debt.

An agent is exposed to risky cash-flows both via her endowment and via her stock holdings.
However, both of these exposures are driven by the same risk factor. For convenience and ease
of interpretation, we thus define the actual exposure of the investor a as

zf = Z{+0,
and rewrite the budget constraint as
dwf = rw,dt - ¢ dt+ z{dD; — P;d6,.
The actual exposure follows a jump diffusion,
dz{ = df;+0*dBY, (3.2)
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with the jump part stemming from the trading and the diffusion part stemming form the
idiosyncratic variation of the endowment exposure.

The actual exposure of an investor will define both her bargaining behavior and her value
function. Consequently, the actual exposure of an investor is also referred to as the type of an
investor. Also, during the bargaining procedure, the signal received by the quoter is about the
type of her counter-party.

3.3 Individual Problem

A given investor takes as given the aggregate quantities of the model and chooses her consump-
tion and bargaining policies to solve her individual problem (ip). Aggregating these individual
“best responses” yields new aggregate quantities. When we will solve for an equilibrium, we
will solve for a fixed point over these aggregate quantities.

In this section, we solve for the individual policies of the agents and do so by the dynamic
programming approach, meaning by solving a Hamilton-Jacobi-Bellman (HJB) equation.

First, we define the value function at time ¢ of an investor a by

V(t,w,z) = sup E

(€s)s=s

a _ a __
Wy =w,z; =2

)

oo
f e Py (&) ds

t

with w{ standing for a’s wealth at time ¢ and z{ standing for a’s type at time ¢. Let us take as
given an optimal consumption policy (¢;) ;o and make two assumptions. First, the environ-
ment is stationary, meaning that the beliefs regarding the aggregate quantities are constant
over time. Second, in terms of expected utility, an agent is fully described by her current wealth
w{ and current type zf.“ Then, one can write

t oo}
(f e PSU (cy) ds+e_ptV(w[,zt)) = (E [f e PSU (cy) ds
0 t=0 0

9,]) : 3.3)
t=0

with &/ standing for the information available to a at time ¢. We left out the time as an
argument of the value function because of the stationarity assumption.

As the process on the right-hand side of (3.3) is a martingale, so is the one on the left-hand
side, and its expected rate of change must be zero. Now, assuming that the value function is
regular enough for It6’s lemma for jump-diffusions to hold, the expected rate of change of the

HThese assumptions will be justified ex-post.
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process on the left-hand side is

1 t
—E [ d U e PSU(cg) ds+e PV (wy, zt))
dr 0

Ul(cs)—pV(w,z)+ Vy(w,z) (rw—c+zmyg)
+3 (Vipw (w, 2) 2202 + V2 (w, 2) %)
(3.4)
V(w-qP(zq,52),2+q)
-V (w,z) ’

E<Z(za:5) [V (w +Q (za, p) pz—Q (Za’ P))]
-V(w,2)

=e P! +AEZ(Zq:52) l{zqu}

+

+A

On the right-hand side, the first line corresponds to the utility from current consumption and
the drift term of the value function. On this line, the consumption rate c; is chosen by the
investor.

The second line corresponds to the diffusion of the value function. There is no choice variable
on this line.

The third line corresponds to the jump resulting from asking another investor for a quote.
Namely, z, is the type of the investor who was contacted and is drawn from the cross-sectional
distribution of types . This distribution p is taken as given by the individual investors. On
this same line, s; is the signal received by the potential quoter. In line with the definition (3.1),

Sz=Xzz+(1-X,)(5,

with the two random variables X, ~ B(1,7) and {, ~ ¢ being independent of each other and
of all the other random quantities. The set A appearing in the indicator function represents
the types of the investors who are ready to offer a quote. This set is also taken as given. The
function

AxR —- R
(zq,$2) — P(zg,52)

represents the quoting strategy adopted by the other investors, and is also taken as given. On
this third line, the purchase q is chosen by the investor after observing the quote P(z, sz).

The fourth line corresponds to the jump resulting from receiving a quote request. Namely, z,
is the type of the investor who asked for a quote and is also distributed according to u. The
signal regarding z,, s, is given by

Sa=Xaza+ (1 -Xa)a,
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with X, ~ B(1,7), {4 ~ i, and the same independence assumptions as above. The function
RZ — R
(Za, p) — Q(Za, p)

represents the purchase strategy adopted by the other investors, and is also taken as given. In
this line, the quote p is chosen by the investor. The positive part in the expectation (“[-]*”)
represents the optimal decision of quoting or not.

Combining the martingale property of the processes in (3.3), the expected dynamics in (3.4),
and the intuition that the optimal policy should be locally given by a maximization of these
expected dynamics over the choice variables, we derive the HJB equation for the individual
problem (ip). Namely,

pV(w,z) =sup{U (Cs) — Vi (w, 2)C}

+ Vy(w, z2) (rw+zmyg)

1
5 (Viw(w, 2)2°0% + V4 (w, 2)0%)

- N (3.5)
+AE$(qusz) 1 Supﬁ V(w_ qP (ZQ’SZ))Z+ q)
fze4} -V(w,2z)
+
. EL(Za,50) [supﬁ EZL s [V (w+Q(2a, P) P, 2~ Q24 P))| Sa]
-V(w, 2) ’

with the random variables zg, s, z4, Sq, and set A satisfying the same distributional assump-
tions as above.

To analyze the HJB equation (3.5), we proceed in two steps. First, we assume a certain func-
tional form (“Ansatz”) for the solution to (3.5). Then, for tractability reasons, we focus on a
certain asymptotic case.

Assumption 23. The value function can be written as
V(w,z) = —exp{—a(w+v(z) + D)},

with @ >0, ve €% and 7 € R.

Such a functional form is common in models of consumption-portfolio choice with CARA
investors. See, among many others, Wang [1994], Duffie et al. [2007], or Garleanu [2009].
Further, in an asymptotic case, this assumption will be justified ex-post by an explicit solution.

Note that the function v(-) and the constant # cannot be identified independently that 7 is
only introduced for convenience.
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With Assumption 23, the various derivatives appearing in (3.5) are all proportional to the value
function itself. Namely,

Vww,z2) = (—a)V(w,z)
Voww,z2) = a*V(w,2)
' (3.6)
V(w2 = (-av'(2)V(w,z)
Veew,) = ((~av'(@)’ - av"(2)Vw 2).

This homogeneity of the problem will simplify its treatment. First, we can characterize the
optimal consumption.

Lemma 24. The optimal consumption in the HJB equation (3.5) is
a _ 1 a
c=—(w+vz)+ D) ——log(—).
Y Y Y
It corresponds to a utility
a
Ulc)=—-V(w,2),
Y

which is thus proportional to the value function.
Proof. The proofs are in Appendix D. O

Injecting the expressions for the derivatives of the value function in (3.6) and the optimal
consumption stated in Lemma 24 into the HJB equation (3.5), and simplifying by V(w, z),
which is negative, yields

a a _ 1 a
p:—+a(—(w+ v(z) + v)——log(—))
Y Y Y Y

—a(rw+zmyg)
1
ts5 ("‘zzza2 + ((‘“V’(Z))z - “V"(Z)) Ui) 3.7
V(w-GPy(zq,52),2+§)
ZL(z4,52) i a
+ AEZ %S l{zqu} 1I%f V(w,z) -1
+/"/ Eg(Zuxsa) infEf(zmSa) [ V(w+Q(za’ij) ﬁ,Z_Q(Zﬂ!ﬁ)) S -1 )
3 V(w,z) ‘

As this equation must hold for any wealth w and as, by Assumption 23, a > 0,

a
a(——r)w=0
Y

86



3.3. Individual Problem

paN a=ry. (3.8)

Now, injecting (3.8) into (3.7), choosing

ﬁé i(p 1+log(r))

e
to get rid of the constant terms, and normalizing by —a = —ry, yields
1
rv(z) =zmg — > (r)fzzcr2 + (r)/(l/(z))2 - v”(z)) 02)

n LEf(Zq,SZ) [l{zqu} (infe—ry(—E]Pd (zg:82)+v(z+4)-v(2)) _ 1)]
q

+
+ L Ez(zmsa) ir}sz(sta) [ e_rY(Q(Zarﬁ)p~+v(Z_Q(zﬂ'ﬁ))_V(Z)) Sd] ] —_ 1]

Rearranging the terms representing the trading now yields

rv(z) =zmg — % (ryzzaz + (r)f(l/(z))2 - v”(z)) aﬁ)

1= e~ 7Y (=qPa(zq,s:)+v(2+4)-v(2)
+ AEZ 0S| 1, o sup
{zq€A} 7 ry 3.9
1 — e 7Y (Q(2aP) +v(2-Q(2a0,P)) ~v(2) *
+ A Eg(zarsu) Sup Eg(zursa) Sll
p rY

In this last equation (3.9), the first line of the right-hand side balances the instantaneous
benefits (expected payouts) and costs (variance of payouts scaled by the risk-aversion) of
having a certain exposure z to the aggregate risk factor. The second and third line corresponds
to the benefits induced by the possibility to adjust one’s exposure by trading the stock.

Analyzing equation (3.9) is difficult because of the non-linearity of the terms related to trading,
those on the second and third line. This non-linearity itself stems from the risk-aversion
toward the non-fundamental risks.

For the sake of tractability, and following arguments in Duffie et al. [2007], Vayanos and Weill
[2008], and, to mention two particularly transparent examples, Biais [1993] and Garleanu
[2009], we will make the investors risk-neutral with respect to the trading risks while maintain-
ing the risk-aversion with respect to the fundamental risk.

The proper way to achieve this “focused risk-aversion” is to let the risk-aversion coefficient go
to zero,

Y —0,
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while scaling up the fundamental aggregate risk

As aresult, the “quantity” of fundamental risk contained in any stock holding is maintained,
but any other type of risk-aversion vanishes. The next assumption formalizes the asymptotic
case that we will characterize explicitly.

Assumption 25. The volatility of the dividends is inversely proportional to the risk-aversion
of the investors. Namely,

1 _
— 3,

VY

with & > 0. Further, we assume that

11>

g

v(2) = vo(2) + O (y),

implicitly assuming that a solution v(-) to (3.9) exists for any sufficiently small value of y.

As it turns out, focusing on the asymptotic behavior of the model significantly simplifies the
analysis. Combining the HJB equation (3.9) and Assumption 27 characterizes the asymptotic
function vy (-) as a solution to

1
rug(e) =zma = (ryz*o® - vy (2)02)

+ AEf(zq,sz)

Lzge) SUP (=GPa (24, 52) + vo (2+ ) — v0(2) (3.10)
+

+/1 Eg(zursa)

supE¥ %) [ Q (24, p) p+ v (2— Q (2as P)) — 00(2)| 5] ]
p

We can characterize vy(-) explicitly and, following the examples of Biais [1993], Duffie et al.
[2007], Vayanos and Weill [2008], and Géarleanu [2009], we will focus on the analysis of the
asymptotic, but much more tractable, value function vy(-) instead of the general v(-). For
convenience, we will thus abuse our notations and, from now on, write v () for vg(-).

At this stage, we would like to state more formally what we are searching for.

The equation (3.10) relies on beliefs regarding two types of aggregate quantities. These aggre-
gate quantities are, first, the cross-sectional distribution of types u and, second, the quoting
and purchasing policies P(-,-) and Q(:,-) adopted by the other investors. The combination
of these beliefs and the equation (3.5) define new, individually optimal, policies. Then, the
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aggregation of these individually optimal policy defines a certain type dynamics. Finally, a
certain stationary distribution of types results from the type dynamics.

We want to solve for a rational expectations equilibrium of the model, meaning that we want
the beliefs and the actual quantities to be consistent. We solve for such a rational expectations
equilibrium in two steps. First, we take the type distribution as exogenous and ensure the
rationality of the beliefs regarding the quoting and purchasing policies. We call such a solution,
conditional on the type distribution, a “partial equilibrium” of the model. Then, we will
ensure the rationality of the beliefs regarding the type distribution, and this will define an
“equilibrium” of the model.

The formal definition of a partial equilibrium follows.

Definition 26 (Partial Equilibrium). Let a cross-sectional distribution of types u be given.
Then, a partial equilibrium of the model consists of a triplet of functions and a set A < R?. The
three functions are

z2— v(2)

that describes how the value function of an investor depends on her type,
P:(z,8)— P(z,9),

that describes the quote provided by an investor of type z after receiving the signal s, and
Q:(z,p)— V(w,z)

that describes the number of shares purchased by an investor of type z after receiving a quote
p.

The partial equilibrium quantities must be a “best-response” to themselves. Namely,
1. v(:) satisfies the HJB equation (3.9), given A, Q(:,-), and P(-,");
2. the purchasing policy Q(-,-) satisfies
Q(z,p) € argm;x(—ide (2g,82) +v(2+G) - v(2),

meaning that it is optimal, given v(-);

3. the set A satisfies

A= {z: EZGasa) | sup EZ G [ Q (24, p) p+ v (2— Q(2a, P))| sa]] > v(z)},

p
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meaning that it contains the types of the investor who are willing to issue a quote, given

Q(,-) and v(-);
4. the quoting policy P(-,-) satisfies

P(z,s,) € argmaxE~Z o5 [Q(24,P) P+ v(2—Q(24 P))| 4]
p

on the set A x R, meaning that it is optimal, given A, Q(:,-) and v(-).

The equilibrium is partial because there is no connection between, on the one hand, the
trading pattern induces by P(-,-), Q(:,-), and A and, on the other hand, the distribution of types
.

Note that, strictly speaking, we are interested in the solutions to the individual problem (ip)
and not in the solutions to the HJB equation (3.9). As these two sets need not be identical, this
calls for a verification argument.

Proposition 27. Let us assume that the transparency of the market is high enough, meaning
that

3
TE %,1 ~[0.866,1], (3.11)

and let us take as given the cross-sectional distribution of types u and write # for its mean and
V for its variance. Then, there exists a partial equilibrium for which the value functions are
characterized by the quadratic function

v(z) =vg+v12+ U2Z2,

with
_ yo? (40P ((1-3)712+3) -902 —4A (T -T2 +2) V)
o = BA((1—3)72+3)+18r
U AyAHo*((1-3)712+3)
U1 T TaA(@-3)72+3)+9r
9yro?
U2

T 8A((1-3)12+3)+18r
The corresponding optimal purchasing policy is

p—

Q:(z,p)—

- z.
U2
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All the agents quote a price when being asked for one, meaning that

A
A (:) {Z : Ef(zarsa)

supE“ % [ Q(z4, p) p+ v (2 - Q(24 P))| 5a] ] > v(2) }
p

=R.

And the function
1 2
P:(z,8;)— v1+209 (§z+ § (Tsa+(Q—-1)M4)

describes the optimal quoting policy.

Remark 28. Without the assumption (3.11), no quadratic partial equilibrium exists. In the
proof of Proposition 27, this assumption is critical in step (iv). If this assumption is relaxed, the
term describing the utility benefits resulting from being asked for a quote will not be quadratic
in the current type anymore, and the quadratic assumption in step (i) will not be consistent.

In order to characterize an equilibrium of the model, we still need the cross-sectional distribu-
tion of types or, as seen in Proposition 27, its two first moments. The next corollary is the first
step in this direction.

Corollary 29. The dynamics of the type z of a given agent a is

dZtZO'ZdBt

Xri (3zqi+5 @z +1-1)4))

+| +(1-Xr0) (Gzqe+3(ln+0-0t)) | AN]

-z (3.12)
Xgr (zre+ % (t2e- — (t2r+ A —1)M)))

+| +(1-Xg,) (zr,t+%(th_—(nfq,t+(1—r)./%))) dny,

- -

with the following distributional assumptions.
1. N" is a Poisson process with jump intensity A. N¢ jumps when a requests a quote from
another investor.
2. zg, ~ W is the type of the investor from whom a requests a quote at time t.

3. X;: ~ B(1,7) is the Bernoulli random variable indicating whether the signal about a at
time t is correct (X, = 1) or uninformative (X4, = 0).

4. (. ~ u is the uninformative signal about a.
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5. N1 is a Poisson process with jump intensity A. N jumps when a is asked for a quote by
another investor.

6. z;~ p is the type of the investor who requested a quote from a at t.

7. Xt ~ B(1,71) is the Bernoulli random variable indicating whether a observes the current
type z;,; or the agent who requested a quote at time t (X,,; = 1) or an uninformative signal
(Xr,t =0).

8. (, ~ p is the uninformative signal about the agent who requested a quote.

Furthermore, the processes
B,N", N1
and random variables

(Zq,tv Xr,t;(r,tr Zr,t, Xq,t»(q,t) =0

are all independent of each others.

3.4 Stationary Type Distribution

The calculation of the individual value functions in Section 3.3 relies on exogenous beliefs
regarding the distribution of types across the investors. However, these individual value
functions themselves induce a certain trading pattern on the OTC market, and this trading
pattern generates a certain type distribution. In this section we intend to make the beliefs
regarding the type distribution rational. We formalize the rationality of the beliefs with the
following definition.

Definition 30 (Consistent Type Distribution). A distribution of types p is consistent if

1. the trading pattern induced by the partial equilibrium corresponding to u generates a
stationary distribution of types pu®"t(u);

2. the assumed and actual distributions of types are identical, meaning that u = p°"(u).

As it turns out, there is a unique consistent distribution of types.!?

12The exact sense in which the trading pattern “generates” a stationary type distribution is clear from the proof
of the next proposition.
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Proposition 31. There exists a unique equilibrium stationary distribution of types y. i solves

the equation

Pl ) g
1 ylt pifa-nuaw fz(lw) f[(g tw)
aw) = ——— 2 20w - PR ,WweR,  (3.13)
1+ 2% 2 ;e a(5w) w((1-50w)
+155 e 5w f(2w) A (w) A (-5 rw)
with i(w) being the Fourier transform of u. Namely, if z ~ u, then
f(w) éE[e"’”z .
Furthermore, the first two moments of |4 are
E[z]=S
Var(z] 902
ar(z] = ———.
4A(1+72)
Proof. See Proof 62 in the appendix. O

At this stage, we can already describe certain characteristics of the distribution of trades.

Corollary 32. The average transaction price is

H 2
——ySo“.

-y

The variance of the transaction prices is

81)/2 r2040§(4r +1)

A(x2+1)(8A((r —3)72 +3) +18r)°

and is increasing in the transparency levels whenever

_6(131v3-101)
T 20641

r=0.037r

and the transparency 7 is high enough. The variance of the transaction sizes is

(10-872)0?
4A(1+72)

and is decreasing over the relevant range of transparency levels.
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Finally, an ordinary least-squares regression of the transaction prices against the transaction
sizes yields the constant coefficient

I 2

——vS

ro e

and the slope coefficient

92(1 )
2 —dr+1)-2v,7?|.
103 (30

The slope coefficient is increasing in T over the relevant range when A is not too small when

compared to r.'3

Interestingly, the variance of the transaction prices is typically increasing in the transparency of
the market. It is true that a more transparent market leads to a more efficient allocation of the
stock, to smaller liquidity needs, and to more homogeneous valuations across the population
of investors. This should tend to decrease the cross-sectional variance of the transaction
prices. However, more transparency leads to predatory quotes, which increases the inventory
costs. This second effect increases the unit price of a transaction of a given size, increases the
dispersion of prices, and dominates the first effect.

3.5 Equilibrium

Putting together the results of Section 3.3 regarding the individual optimality and Section
3.4 regarding the type distribution, the characterization of an “equilibrium” of the model is
immediate. We first formally define our equilibrium concept.

Definition 33 (Equilibrium). An equilibrium of the model consists of a consistent distribution
of types p, in the sense of Definition 30, and the corresponding partial equilibrium, in the
sense of Definition 26.

Corollary 34. There exists exactly one quadratic equilibrium.

Proof. Immediate from Proposition 27 and Proposition 30. O

13The exact condition is
2(71+40v3) 2%+ 1087° (3v3y20" - 8]
+91r? ((48V3-9) 20" —64v3 +72) +120(3+ V3] A%r >0

and is satisfied when we let either A — co or r — 0.
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We can characterize the links between the expected utility of the investors and the transparency
of the OTC market.

Corollary 35. The relationship between transparency, as measured by the parameter T measur-
ing the quality of the signal, and expected utility, as measured by the function v(-), is ambiguous.
Namely,

VrAOr+1)o?
>0 , |Z - ./%l T

0 VAT + D02
Iim —vuv(z - — — VrAQr+Aog
VTAOr+A)o?

Véra

A

<0 , |lz—=-AH| >

In particular, more transparency benefits those investors with a moderate exposure to the
aggregate risk but more opacity benefits those investors having either a sufficiently large or
sufficiently low exposure. Overall, more transparency is socially desirable in the sense that

2,52
9yo“o;,T

0:EM? [v(2)] = ———=—
4A(1+72)°

The intuition behind the last proposition is that transparency increases the inventory costs.!*
This happens via two different channels. On the one hand, transparency exposes any given
investor with large inventories to predatory pricing. On the other hand, as transparency
improves the allocative efficiency of the market, it becomes more difficult for an investor with
an excessive exposure to find a counterparty with large and opposite liquidity needs. This
second effect exacerbates the first one and is driven by the endogenous distribution of types.

These results imply that the effect of transparency on the value function of the investors is
ambiguous. First, on average, investors benefit from an increase of the transparency and
the resulting improvement in the allocative efficiency. In particular, transparency is welfare
improving. However, those investors with a sufficiently large (positive) or small (negative)
exposure find it increasingly costly to liquidate this exposure and would benefit from a more
opaque market. We characterize explicitly the exposure levels starting from which investors
prefer opacity to transparency. This result is in line with the heterogeneous reactions to the
introduction of TRACE, with quite negative reactions of many institutional investors. Indeed,
as our model predicts, transparency is a disadvantage for agents facing large inventory risk,
such as, e.g., certain institutional investors.

14We define the inventory costs as the reservation value of an investor who deviates from a zero risk exposure.
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3.6 Conclusion

We study a general equilibrium model in which agents share risks by trading on an OTC market.
Both the transaction size and the transaction price are bargained bilaterally, and we analyze
the equilibrium effect of asymmetric information regarding one’s counter-party liquidity needs.
We call the quality of this information the transparency of the market. We solve for both the
value functions and the moments of the endogenous distribution of types in closed-form.
Increased transparency has two main effects on the equilibrium of the model. On the one
hand, it makes the asset allocation more efficient. On the other hand, it induces agents to
adopt predatory quoting policies. These two effects both tend to increase the inventory costs,
and we show how transparency is beneficial to those agents with moderate liquidity needs
but detrimental to the rest of the population. We characterize the threshold starting from
which investors value opacity in closed-form. Overall, however, more transparency is welfare
improving. Our conclusions are in line with a number of sources documenting the mixed
effects of transparency on the liquidity of certain OTC markets.!®

One natural extension of our model is to consider two classes of agents. Agents in the first class,
representing the dealers, trade both among themselves and with the agents of the second class.
Agents in the second class, representing the end-users, can only trade with the dealers. In
this setting, one can analyze the heterogeneous effects of transparency. Indeed, post-trade
transparency makes the valuations of the asset across the end-users more homogeneous,
but, for the dealers and as in the current model, it makes the information regarding one’s
counter-party inventory more accurate. Transparency may impact the entry decision of
dealers. Understanding the interaction between these two sides of transparency is critical if
one wants to evaluate the new regulatory reforms regarding the transparency of OTC markets.

15gee Appendix C.
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Markets
notation parameter value
r risk-free rate 0.037
7 expected dividend of the risky asset 0
o volatility of the dividends of the risky asset  0.285
o volatility of the idiosyncratic exposure 1
Y absolute coefficient of risk-aversion 5
M, net supply of the risky asset 0
A meeting intensity on the OTC market 50

Table 3.1: Baseline parameter values for the numerical examples.

value function v(z)
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Figure 3.1: Value function as a function of the inventories for three levels of transparency 7.

Note the non-monotone effect of transparency on the value function. The baseline parameters
value are in Table 3.1.
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Figure 3.2: Marginal valuation of the risky asset as a function of the inventories for three levels
of transparency 7. Transparency increases the dispersion of the valuations. The baseline

parameters value are in Table 3.1.
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:\ Proofs for Chapter 1

Asymptotic Behavior of the Equilibrium

I cannot solve for the unique stationary equilibrium of the model in closed form. The technical
difficulty preventing it are the exponential terms related to the jump risks in the HJB equation
(1.20). Closed-form expressions can, however, be obtained in the asymptotic case analyzed in
Section 1.6.!

I will also assume a relatively liquid OTC market. I would like to justify this assumption. An
investor will only bother to enter an illiquid market if she expects to amortize the costly process
of building up, and liquidating, a position over a reasonably long holding period. This intuition
is formalized in Vayanos and Wang [2007] within a search model of asset pricing, and goes
back to Amihud and Mendelson [1986] for a setting with exogenous transaction costs.

This suggests that I may assume the illiquidity level { = 1/ A to be small relatively to 1/, and
1/ A1, which are the average times (continuously) spent with a high or a low valuation.

Proposition 36. [ assume both
det(( eq ec ))-det(( e1—em ec ))>0, (A.1)

which is the condition (1.33) in Proposition 10, and

Sd

u2>6;

1The asymptotic analysis in Section 1.6 amounts to letting the investors become nearly risk-neutral with
respect to the jump risks but maintain their risk-aversion toward the diffusion risks. The exact definition of the
asymptotic case is in Equation (1.47) and (1.48).
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which is condition (1.31) in Section 7. Then, the price P4 bargained on the OTC market satisfies

puwru— {1}ttt | f (e e )l eer )
o 2’7@(#2—%) Y e (A.2)

1
_) +6(Y))

+0
A

with the Walrasian price

_ k(20) -« (20)

a,w
Or

Also, the sensitivity

o(u(lh
5, @ fim (H(l )
-0 a(3)

of the type distribution to the search friction was defined in Proposition 8.
Proof 37 (Proof of Proposition 36). Under the assumption (A.1) of the statement, and recalling

Proposition 1.5, the only profitable type of trade on the OTC market is a sale by a 10-investor
to a 20-investor. As a result, the HJB equations (1.20) become

ra10) = x(10) +Ap (e*’ﬂ“@f)rf;(wn_l
ra(10) = x(10) +Ap2 &r’y“@”% +2AM(20)X(T]®_'?$((Z))
ra@0) = Kk(0) 4y [CLUL-1) oA ue) Hien(@) (A.3)
-ry -ry
= a0y -}
ra20®) = x(20) +Az — )
As
x (10, x) = =rynox +o(y),
this last system of equations becomes
ra(10) = x(10) +A52(a(20)—a(10)) +O(y)
ra(10) x(10) +A12(a20)—a(10)) +2AuR0)necie (a)+0G(y) "
ra(20) K(20) +A21(a(10) —a(20)) +2Ap(1O)ngex (a) +OC(y) .
ra(2@) K(20) +121 (a(1®)—a20)) +0(y)

in the asymptotic case described by Equations (1.47) and (1.48). In this same asymptotic case,

2Recall that these results only hold under the assumption 1.31 regarding the marginal buyer.
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Equation (1.17) significantly simplifies as well and the bargained price Py is

Pg =ne (a(20) — a(20)) + 1o (a(160) — a(10)) + o(y)

B (a(20) - a(20)) (A.5)
= (@) -a@)-no| " T o0 [FOW:

Using the expressions in (A.4) to reformulate (A.5) yields

121 + 2A,u(1®)170 +1or
r+2A (neu(20) +nou(10))

1
P, = = (x(20) —x(20)) — +0(y). (A.6)

Finally, combining the asymptotic behavior of the type distribution for a large A, as described
in Proposition 8, with the last expression (A.6) yields Equation A.2 in the statement. O

The terms defining the illiquidity discount in (A.2) are rather intuitive. The fist term in curly
brackets refers to the severity of the search friction. The second term in curly brackets refers to
both the respective bargaining power of the agents bargaining and to the time it would take
them to find another counter-party, should the negotiation collapse. The third term in curly
brackets measures the risk sharing benefits that the investors are bargaining on.

Proofs for Section 1.3

Proof 38 (Proof of Proposition 3). Let a be an agent with type i,0 and wealth w,. She met
another agent b. Clearly, no trade will be possible unless the holdings of b are . I denote the
two other characteristics of b by ij, and wy,.

There is a surplus for @ and b to share if

5215, V(wa=(0-0)Pib)= V(we i)
’ > V(wb,ibé) ’

Under Assumption (2), this is equivalent to
p#PS{P: alih) - aliah) = P(0-0)= atiph) - atip) },
or to
a(if) — a(if) + a(jO) — a(j6) = 0.
This proves the first two statements.
Now, if there actually is a surplus to share, the outcome of the bargaining is given by the Nash

103



Appendix A. Proofs for Chapter 1

bargaining solution. Namely, a and b trade the asset at the price Py so that

Py =argmax (V(wg— PO —0),i,0)— V(wg,i,0)" -
Pe

(Vwp— PO -0),i0) ~ V(wp, i,0)' ™.

Unless & is reduced to a single point, in which case the solution of the optimization is trivial,
the first order condition characterize the point of maximum P, as the solution to

0w (V(wq— Pg(6-0),i.0))

7o V(wa+Pd(é_9);ia;é)_V(wariag) A7)
= 1=y Ow (VQ0y ~ Pa(6 - 6), iy)) '
15 (wy— Pa(@—0), 14, 6)— V(wp, iy0)
which, with Assumption 2, becomes (1.17). a

Proof 39 (Proof of Proposition 4). The first order necessary condition for the maximization
over the consumption rate is

ov
- —(w,i6) =0.
Ye o (w,10)
Recalling the Assumption 2, and solving for ¢ yields a unique candidate c(i6) which, by
concavity of the objective function, is a point of maximum.

A similar argument yields the optimal liquid holdings 7 (i6). O

Proof 40 (Proof of Proposition 5). Starting from the HJB equation (1.13), picking a type i,
using Proposition (3) to transform the expected value into a deterministic quantity, Proposition
4 to express the optimal consumption, Proposition 3 to express the bagained price P;, and
normalizing by ryV (w, i,0), I obtain

0=r—p-rlog(r) + r*ya—ryme

+ra(if) —«x (i)

R A.
(e—ry(a(i,a)—a(i,(-))) _ 1) (A.8)

¥ (ne,€ig(a)

+

+2Au(i0) [
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Now, I can choose the constant

1 p
a= ﬁ(—1+?+10g(r)+yme),

which sets the first line of the right hand side to zero. Also, as the equation above must hold
for any value of the liquid holdings w,

Under Assumption 2, this requires a = ry and the second line of the right hand side equals
zero. Taking these two observations into account yields the system (1.20).

It remains to show that this equation admits exactly one solution. I split my argument into
four steps.

Step 1 Ifirst rearrange the four equations described in (1.20) into two. Namely, defining the

variables

Ao £ a(10) - a(20) (A.9)
and

Ao £ a(20) - a(10), (A.10)

and taking the corresponding differences in the HJB equations (1.20) ensures that

e"mho—1 e R
OZI‘A()—K(ZO)+K(10)—/121—+/112
-ry -ry
,—Ao—Ng)]" Ao+0e) 1T
_2A u(l@)[ 1 (0. =50 = o) _“(26)[—7((170 0+ Bo) ) A.1D)
—r -ry
ZF) (80, Ae)
and
ryA@_l —ryA@_l
0=rAg—K(10) +K(20) — A1 2 + S
-ry -ry
’ A _A * ,A +A
_aA u(ZO)[ (ne,—A0 - o) (10)[ (ne,Ao+Ae) " (A.12)
=T -ry
£Fo (Ao, Ae).
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Inspection ensures that, for any Ag, the function F (-, Ag) is strictly increasing with a range
equal to the entire real line. It also ensures that, for any given Ay, the function Fy (A,) is
strictly increasing with the bounded range

e’rho—1 e R -1

2A
Ay —x(20) +x(10) — Aoy + A2 +— [-p(10), u(20)]. (A.13)
—ry -ry ry

Similar properties hold for Fg.

Step 2 Given these properties of Fy and Fg, I can define the functions
Dy, Po:R—R
by requiring that, for any x € R,
0= Fo (Po(x), x) = Fo (x,Pa(x)). (A.14)

The monotonicity properties also ensure that both @, and ®g are decreasing. I show two more
properties of these functions.

First, these functions decrease relatively slowly. Namely, for any choice of x € R and y € R, it
follows from (A.14) that

Fo(®o(x) —y,x+y) < Fy(Po(x),x) =0=Fy (Po(x+y),x+y),
meaning that

Y+ ®p(x+y)—Do(x) > 0.
As aresult, the function

x— x+Dy(x) (A.15)
is increasing and, by a similar argument, so is

X— x+Dg(x).

Second, their range is compact. Let me first consider ®g. Recalling the bounded range
described by (A.13), I may write, for any pair (A9, Ag) € R?,

Ff (0o) < Fy (0o, Me) < EJ (M),
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where I defined

erry—1 e TrX—1 2A

FOL(x) = rx—x(20)+x(10) — Ay + A2 - —u(1e)
-ry —ryx ry
and
ryx_l —ryx_l 2A
FU(x) & rx—x(20) +x(10) — Az = + A + 22 42e)
—-ry —-ryx ry

Inspection now ensures that, for by o large enough, FOL (bU,o) = 0, and that for by o small
enough, F{ (by0) < 0. But then, for any Ag,

Fo(bro,Ae) < FY (br) <0 < Ff (by ) < Fo(by,0,Ag)-

Keeping the monotonicity and continuity of Fy in mind, this implies that ®¢ (Ae) € [brL,0, bu o],
and thus that

@y (R) < [brL,0, bu,o] -

A similar argument formulated with Fg would yield two other constants by, ¢ and by e so that

g (R) < [bre, bu,e]-

In particular, if I define
A
Q= [br,e AbrLo, by V bypl,
then

D (Q) 2 (@), Do) (Q) cQx Q.

Step3 Inow show that @ is a contraction and, as a result, admits a unique fixed point. First,
a direct verification shows the continuity of ®y and ®g.

Second, if I choose x € Q so that
Oy (x) +x#0, (A.16)
then, an application of the Implicit Function Theorem based on the relation (A.14) ensures
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that @, is differentiable at x, with derivative given by

32 (o (%), %)

oF,

P (x) =~
ane (Qo(x),X)

2A

L_o,0-x>04(10)(=1) g—g (120, — o (x) — x) )
P

=L@, 0 +x>0114(20) a—f (n10, Do (x) + x)

10,0 -x>0 (1 hO) (=1) g—f (120, —Po (x) — x) )
P

— Lo, (x)+x>0; 1 (20) a—f (m10, o (x) + x)

r+ )nge”’x + Agle—”’x +2A

Now, one checks that the numerator is positive, bounded on Q, and also appears in the
denominator. Further, the second part of the denominator,

r+ /llzeryx + ﬂgl e_”’x,

is also positive, and bounded on Q. Then, there exists a constant C € (0, 1), independent of the
choice of x, and for which

|Dh(x)| < C.
on Q.

Finally, remembering the monotonicity of the function in (A.15), there is at most one point in
Q where (A.16) does not hold and where, as a result, @ is not differentiable.

Summing up, the restriction of @y to 2 maps a compact into itself, is continuous, is differen-
tiable everywhere but possibly at one point, and has a derivative whose absolute value that is
bounded strictly below one.

This argument can be adapted for ®g, and classical contraction argument then ensures that ®
admits a unique fixed point (A}, Aj) in Q. Finally, as the range of @ is already contained in Q,
this is the unique fixed point over R?.

Step4 Finally, given the fixed point of @, the solution  to the HJB equations (1.20) can be
recovered. For example,

1 e~ YA - e o Evl—
a(10) = — |k (1h) + Alz_—w +2Ap20) [x (ne,—Ag —Ag)] ™ |- (A.17)
In particular, there is exactly one solution to the system of HJB equations (1.20). O
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Proofs for Section 1.4

Proof 41 (Proof of Proposition 7). The proposition and its proof are in Duffie et al. [2005]. I
only give a partial sketch to introduce some notation.

There are three linear relations linking the components of a stationary distribution u. They
follow from the stationary distribution of endowment correlation types and from the market
clearing condition (1.28), and are

u(10) +u(10) =wm
p20)+p2O) =pp . (A.18)
p(1e) +pue) =%

One can then use these equations to express one of the flow conditions (1.25) as an equation
in, say, (20) only. This yields the quadratic equation

oo e ol
0 = p(20) +b(A u0) +c| | = Q(ueh, |, (A.19)

where

)

1YaS 1 A2+ A
b(_)é_d_“ﬁ_u
A 0 A 2

333 05)
cl—|=-—==[1-=5].
AT A2 0

Solving this equation already characterize a unique candidate. O

(A.20)

I will use the following results when proving Corollary 12 and Proposition 8. They follow from
the characterization (A.19).

Lemma42. The sensitivity of the stationary cross-sectional distribution of types to the illiquidity
level satisfies

A +A A S
—peoyista 4 42 (1- )

] ] ] 0
—p(10) = —p(20) = ——p(10) = ——p(20) = , (A21)
oL o+ oL 0% (1) + u(20) + 1 Aiztla
which is positive. Also,
d 1 p20)u(16) 55 (A2 +A21)
5 (Au(10)pR20) = ~—— A (A.22)
Ox (R)7 H@D+ph)+ 372572
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and is negative. Finally, for i0 = 10, 20,

and is negative as well.

Proof 43 (Proof of Lemma 42). For the first statement, the sensitivity of ¢£(20) on the illiquidity
level follows from an application of the Implicit Function Theorem. The relation between the
various sensitivities then follows from (A.18).

Now, recalling Equations (1.25) and (1.28), I deduce from (A.21) that

0 0 Au(10) 1 (20)
STHIO) = —Tu(20) = TSI
o%x 0% p(16) + u(20) + L htla

which is positive. A direct calculation then yields (A.22). Finally the last sensitivity follows
from the elementary observation that, if the product of two positive functions is increasing,
and if the first term in the product is decreasing, then the second one must be increasing. 0

Proof 44 (Proof of Proposition 8). From the proof of Proposition 7,

oo =5 o)V bl -(3)

Now, as
1 Sa
lim b|—|=— — uy,
o (A) o M

which I assumed to be negative, and

1
limc(—):O,
1.0 A
it follows that
1 Sa
li 20, — | =pp — —.
fi%“( A) H2"a

Recalling the linear relationships (A.18), this yields the asymptotic distribution.
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Now, using the previous lemma yields

Ap+d A S
—M(ZO)M+£(1——‘1) %—»0@ %

6%/1(20) 1 /112+/121 Sa’

2u(20)+——p+ 2 p2— &

which concludes. O

Proof 45 (Proof of Proposition 10). Keeping Proposition 4 in mind, the equilibrium condition
for the centralized market becomes

; 1 (1 . .
Se =EM [n(i0)] = — W(mc—rpc)—EWG’ [Zic) - Zea B0 1] ).

Oc

Now, realizing that
i Q)
EH(0) [(Zicl = Zic+ pHaZoc = Zye

is independent of the trading on the OTC market, and that, thanks to the market clearing
condition (1.28), so is

EH(i@) 0] = Sa,

I can already solve for the equilibrium price, which yields (1.34). Then, combining this last
result and the characterization (1.18) of the optimal liquid holdings yields the expression (1.35)
in the statement.

I now turn to the OTC market. The existence and uniqueness follows from two elementary
observations. First, the value function of a, say, 1h-agents is only impacted by u via 1(20) and
only as long as €19 (a) > 0. Otherwise, 1h-agents have no intention to trade and, as a result, no
interest in knowing how often a counter-party may be met. In mathematical terms, this reads

¥ (no,€10(@)
—-ry
N X 770)61@(51)
=u'® 20(20)1{elo(a)>0}(—)
—-ry
+
J€10(a
— 192020 [X(’?o 10(@)

=p(a,20) 1,6 (a)>0}

1(a,20) [)((770’61)(;)(0))
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In particular, this means that I can choose

IJ2(~)—>10 (10)
‘u1®—>20 (10)
u1®—>20 (20)
'u2®—>10 (20)

f=

as the “density” in (1.20). Note that this vector does not depend on a but does not define a
density any more.

The second observation is that the proof of Proposition 5 remains valid when the components
of u are only positive numbers, and do not necessarily sum up to one. As a result, there is
exactly one solution to the HJB equations defining an equilibrium, which shows the uniqueness
and existence of an equilibrium.

I must still characterize the ordering of the valuations of the illiquid asset d or, equiva-
lently, characterize the trading pattern on the OTC market. To do so I first characterize the
ordering when the OTC market becomes arbitrarily liquid, and then show that this ordering is
maintained at any illiquidity level. The actual argument is articulated around three claims.

Claim 1 I first show that an equilibrium a of the model can be bounded by constants that
are independent of the illiquidity level.

Proofof Claim 1. Let {A,},=0 be a sequence of intensities be given, and let {a,},>0 be the
corresponding sequence of equilibria. Let me assume, for the sake of contradiction, that
there is an agent type i6 for which the sequence {a, (i0)},>0 is unbounded. I first assume it is
unbounded below, meaning that, maybe up to taking a subsequence,

r}l_{r(}o a,(if) = —oo, (A.23)

Recalling the HJB equations (1.20) and the first part of this proof,

e—ry(an(fﬂ)—a,,(iB)) -1 +

- - = —ran(i0) +x(i0) + 2A, 1 (Ap, 10) [

x (o, €io (@)
ry

(A.24)

But, recalling (A.23), the left hand side of (A.24) is bounded below by a sequence that grows
arbitrarily. As a result,

lim a,(i0) — a, (i6) = +oo. (A.25)
n—oo
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and, recalling (A.23) one more time,
lim a,(if) = —oo. (A.26)
n—oo

Now, if (A.25) follows from (A.23), from (A.26) I can conclude that
lim a,,(i0) — a,(if) = +oo. (A.27)
n—oo

In particular, both (A.25) and (A.27) follow from (A.23), which is impossible. There is thus no
sequence of equilibria that is unbounded below.

It remains to see whether a sequence of equilibria can be unbounded above. Let me assume
that, maybe choosing a subsequence,

lim a,(10) = +oco. (A.28)
n—oo

Choosing the type 10 is without loss of generality. Before pursuing the argument I note that,
assuming an agent of type i6 does not trade in equilibrium, it follows from (1.20) and the first
part of the proof that

~ry(an(i0)-a, (i) _ 1 _ ein(@)1t
0 =ran(if) —x(i6) — A;;% —2A,(A, i) [M
-y -y
e—ry(an(iﬁ)—a,,(m)) -1
=ran(if) —x(i0) - A;;
1
2ra,(if) —x(i0)—A;;—.
ry
In other words, I have an a priori upper bound on a,(i6). Namely,
—|x(i0) + — | = a,(i0). (A.29)
r ry

Now, two further cases must be distinguished, depending on whether 10-agents are willing to
trade or not. Maybe choosing a further subsequence, I assume that 10-agents never trade. In
this case, combining (A.29) and (A.28) yields

1 A2 .
—[(x(10)+ —|= lim a,(10) = +oo,
r ry n—oo

which is a contradiction. The only possibility left is thus for the agents with type 10 are willing
to trade. I can thus assume that, for any n = 0,

a,(10) —a,;(10) —a,(20) + a,(20) = 0.
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Using (A.29) for the two types of agent that do not trade, meaning 10 and 20, then yields

1 A2 An
—[x(10)+x(20)+ — + — | = a,(10) + a,(20).
r ry ry

From this last inequality and (A.28) I deduce that
lim a,(20) = —oo,
n—oo
which will, by the first part of this proof, lead to a contradiction.

To sum up, there are no circumstances under which an unbounded sequence of equilibria can
be found. O

This first claim is needed when proving the second one.

Claim 2 For a sufficiently large meeting intensity A, the corresponding equilibrium a(A)
satisfies

€e(a) >0

exactly when .# > 0, with . defined in (1.24).

Proof of Claim 2. Let me choose a sequence {A;},>¢ of meeting intensities so that
lim A, = +oo.
n—oo

By Claim 1, there exists two constants L < U so that

vn:a,e€l[L U* (A.30)

I can thus choose a convergent subsequence, and call the limit a,,. Maybe choosing a further
subsequence, I assume that

Vi ero(an) £ a,20) - a,20) + a,(10) — a,(10) = 0. (A31)

In other words, all along the sequence of intensities, and in the limit, agents with endowment
correlations type 2 have the high valuation of the illiquid asset.
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Under this assumption the HJB equations defining a, become

o-TY(@n(20)-an(10) _y

ra,(10) = x(10) +A;» =
~ry(an(20)-an(10)) _y

ra,(10) = x(10) -+, <l
ra,20) = x(20) +Agy Ll

ra,20) = x(20) 4+

+2AnfL(Ap,20) M

+2Apfi(Ay, 106) x(no_;rz;(a))

(A.32)

-r
e~ "r(an(10)-an(20) _1

Ty

At this stage, I will consider the asymptotic behavior of the stationary type distribution, which
requires to distinguish two cases.

I first assume
Sa

M2 =35>0, (A.33)
0

meaning that the marginal buyer of the illiquid asset has a high valuation. In this case, it is
known from Lemma 8 that

lim (A, 20) = tp — 2% > 0
Jim fi(An, )_“2_6> .
As aresult,
lim A,fQ(Ay,20) = co. (A.34)
n—oo

Now, as stated in (A.30) shows that the equilibria are bounded. Hence, (A.32) is only compatible
with (A.34) if

lim ¥ (ne,e10(@) =0.
Recalling the definition of “y" in (1.23), this is equivalent to
oo (10) — Ao (10) = Ao (20) — A, (20). (A.35)
But then, as Lemma 8 ensures that
Sa

A/ —a
lim Apfi(An,10) = 22O
n—00 2

Sa
pom g
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letting 7 go to +oo in (A.32) yields

e—ry(aoo(ZO)—aoo(IO))_l

ras(10) = x(10) +A; _
rax(10) = x(10) +112 e—r)/(zzoo(zia)r—;oou@))_l
i 0 t(ne.c10(@)
rde(20) = «x(20) +A "1 (@00(10)-a00(20)) _ 1
~ B 21— ——
Fde(20) = x(20) +A; e—rY(ﬂoo(l?)r—;oo(ZG)))_l

Now, subtracting the second and third equations from the sum of the first and fourth ones in
(A.36), and then repeatedly using (A.35), yields

K(10) ~x(16) + x(26) ~ K(20) = lim 27,1 (A, 20) x(ne-c10(@) (A.37)

I draw two conclusions from this last equality. First, combining it with (A.38) yields

e~ 7700 (20)~aco(10)) _ 1

ras(10) = x(10) Ay

rae(10) = x(10)+x(20)—x(20) +1;2 e—ry(m<2ia:;m(1@))_l

ras.,(20) = x(20) ) TR0 A0y (A.38)
o B ntH—m—m—mr—

e~ 7100 (10)=ac0 (20)) _ 1
—ry

ra.,20) = «x(20) +A21

This system defines a contraction, as Proposition 53 below formally shows, which ensures the
uniqueness of the asymptotic equilibrium .

Second, (A.37) is only compatible with the assumption (A.31) as long as
7 Y x(10) - x(10) = x(20) + K (20) = 0. (A.39)

The case of

Sa
—=>
o) 2

is handled similarly.

Assuming the reverse inequality in (A.31) would also give a unique candidate for a, but this
time require that (A.39) also holds with a reverse inequality.

Summing up, if (A.39) holds, then the sequence of equilibria converges and, for n large enough,
€1o(ay) > 0. Otherwise, the sequence converges as well but, for n large enough, €29 (a,) <0. O

I have now characterized which trades are implemented when the meeting intensity is suf-
ficiently large. The last step is to show that the trading pattern cannot be reverted by an
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increasing illiquidity level.

Claim 3 The surplus to be shared in bilateral trades is differentiable and decreasing in the
meeting intensity. In other words, if €;9 (a(A)) >0,

0
FAcio (a(A)) <0.

In particular, the derivative exists.

Proof of Claim 3. Without loss of generality, I assume
4) a)
€1e(a) = a(10) —a(1®) —a(20) + a(20) = —Ag —Ap >0, (A.40)

meaning that the 2-agents have the high valuation. From the proof of Proposition 5, I know

that for any given A, the pair A 2 (A, Ap) is the unique solution to the system

)

([ 0= Fo(he AgA
0=FAA D o (80, B0 A)
0= Fo(Ao,Ae; )

where the function F : R — R? is implicitly defined in the last equation. Now, under the above
assumption regarding the high valuation agents, I can write

det(DAF (A, A))

r+ /llge”’Ah + Ao e T

; 2A020) 2 (n1,~ A~ Ap)
L (min—Ai-Ap)

|
|
| +2Ap(20) £ | -
=detl- - - - - - - — — — — 4 . . _ _ == = = = = = - =~ = X"
rYA; —TYA
ZAH(I@)%(T]Zlv—AI_Ah) : rtAze P) *Arze
e 4 2AH09)G (A=)

-y (A.41)
= (r + AlzerYAh + Agle_ryAh) (T‘ + /121 er}/Al + Alze_rYAl)
0
2Ap(10)FE (121, -0 - Ap)
0
2A20) G (M7, —A1— Ap)

+ (r + /121€ryAl + /hge_”’m) .

+ (r + AlzerYAh + 1216_”%’1)

Recalling from the definition (1.23) that y is decreasing in its second argument, this last
quantity is positive, which justifies an application of the Implicit Function Theorem. This
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ensures that A is, locally, a differentiable function A(A) of the meeting intensity, with derivative

0,AA) = — (DAF(A,A) L DyF(A, )

-1 O, _0Fe) (0Fe

s | (2
_ 0Ok  0Ofe Ofg |*

det(DaF) \-3z¢  7ac /\ 37

But then,

0
— (Ag+ A
aA( 0+ Ae)

-1 ((0F0 0FU)6F@ (aF@ GF@)%)

~det(DyF) (980 T 980 ) o1 (940 T 94, ) 02
_ -1 (r+ 2210 + A1pe7"1R0) —X(%’:fO_AG) 20 (Ap(A,2D))
“det(DAF(A M) |+ (1 + Agpe’70 4 Ay e r0e) A21m20700) (”Z’ny‘)‘A@) 205 (Ap(A,10))

With (A.40), both y (ne, —A¢ — Ae) and y (o, —A¢ — Ae) are negative, As a result,
0A (Ae(A) +Ag(A) >0

or, equivalently,
Op (=Ap(A) —Ap(A) <0

which proves the claim. a

I can finally conclude the proof of Proposition 10. Indeed, assuming that . > 0, Claim 2
ensures that, if the meeting intensity A is larger than a certain threshold A, then, €1¢ (a(A)) > 0,
meaning that 2-agents have the high valuation. But then, Claim 3 ensures that decreasing A
increases €1 (a(A)). In particular, 2-agents still have the high valuation for any value of the
meeting intensity. The case where . < 0 is similar.

Proof 46 (Proof of Proposition 12). Without loss of generality, I assume that 2-agents have the
high valuation of the illiquid asset.

Regarding the OTC market, as the transaction size is fixed, the trading volume is proportional
to

2Au(10)u(20),

meaning to the meeting intensity between 10 and 20 agents. From Lemma 42 this quantity is
increasing in the meeting intensity.

118



Recalling the expressions (1.35) for the liquid holdings in equilibrium, the volume exchanged
on the centralized market per unit of time is thus

A12p(10) - [7(10) — 7 (20)|
+A12p0(10)  [7(10) —7(20)]
Vol _1 ) +2Ap(10)(20) |7(10) —m(10)]
2] +2Ap(10)u(20) |7(20) - 7(20)]
+A211(20) |7 (20) — 7 (10)] (A.42)
+A214(20) |7(20) -7 (10)]|
=5 {(Arapn + A1 p2) [Z1c — Zocl + 4Ap(1O) u(20) [Z.41 O}
cc
:L {M |Zlc - z"ch + ZA/JGG)/J(ZO) |ch| ('“)}
Zee (A2 + A2
Lemma 42 shows that the trading volume in increasing in A. O

Proof 47 (Proof of Proposition 13). To obtain a model without OTC market, we can set ©® = 0.
In this case Equation (A.42) in the last proof immediately shows that the trading volume in ¢
drops.

Further, letting the meeting intensity A grow arbitrarily in Equation (A.42), and recalling
Proposition 8, I calculate the asymptotic level of trading in ¢ as
1

lim Vol(A) = — {
A—oo Zee

A12A21 }
—— ¥ 2ol + 21218412 .
Tist Ao 1Z1c — Zacl 2184 |Zcal
Now, in a Walrasian setting, the market for d can only clear if the investors with a high valuation
randomize their decision to buy the asset d. If the inequality (1.36) holds, inspection shows
that the trading volume on the market for ¢ in a Walrasian setting is

_Sa
A Ee |u20) - m(10)|

Sl
+i Az |p(20) - m(10)|
+34 A1 1(10) - (26))|
+ (2= ) 21 17010) - n20)|

~ ( Do |14(20) - 2(10)|

Volyy = +
oly = —
W=

/11§+/121
+2 21 (|p(20) - w(10)| - |(20) - 7(10) )

The triangular inequality ensures that
|1(20) — (10)| - |u(20) - £(10)| < |u(26) — 7(20) |
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and, as a result, that
Voly, < lim Vol(A).
A—oo

Inspection finally shows that Inequality (1.36) defines the cases for which the triangular
inequality is strict. t

Proof 48 (Proof of Proposition 16). The optimization for the optimal design of the liquid asset
is

(A)
(max f(ac, b)) = max {lwyac+ wabcl +wsac + wybcl} (A.43)
ac,D¢ Aac,bc

under the conditions

l(ac, bl =1, (A.44)

ad;ac al_a2;ac
det -det >0. A.45
o[ ol 505 e
I characterize the solution to this problem by maximizing f under the constraint (A.44) and
making sure that the constraint (A.45) holds ex post.

A solution to the maximization of f under (A.44) exists because f is continuous and the
optimization domain is compact.

The objective function f is piecewise linear and I define
o B {(x,y € R?: wyx+ wyy =0}

and
B E{(x,y) €R?: wyx+ wyy =0}

to describe this piecewise structure. Clearly, the optimal risk-profile (a., b.) belongs either to
D = (ANBYYU(A°NB) orto 9, = (AN B)U(A° N B°). In the first case, the method of Lagrange
multipliers characterizes the optimal risk profile as

LV a,.b,) (I1(@c, b)l2)
1 )

Viac,bo) f|91 (ac,be)
l(ac, be)llo

with L € R being the Lagrange multiplier. Solving this system for (a., b.) yields the unique

120



candidate
a 1w, —w
(C)=i—( ! 3), (A.46)
aq VI W2 — Wy

with the constant

va \/(LU1 — w3)? + (wr — wy)?

ensuring the normalization X .. = 1.3 I must still make two checks to ensure the validity of this
candidate as a solution to the original problem. First, does the candidate satisfy the constraint
(A.45)? Plugging (A.46) into (A.45) yields

20A 112421 1(20) (1) (b2 — by) ag + (a1 — az) ba)?
V2 (/11,2 + /12’1)

>0

and the consistency constraint is necessarily satisfied. Second, does the candidate actually
belongs to 2,2 A vector (d, b) belongs to 2, exactly when

(wiac+ wab,) (wzac + wab,) <0.

For the choice (ac, b;) = (dc, Bc), this inequality becomes the assumption (1.55) in the state-
ment, and is thus satisfied.

Finally, we can consider the second case (ac, b;) € 9, and follow the same steps as in the first
case. In this second case, however, the unique candidate does not satisfy the condition (A.45)
and there is no solution to the original problem (A.43). O

Lemma 49. The equilibrium price P, of the liquid asset and the corresponding holdings
{m(i0; my, t};9 are uniquely defined in the asymptotic case characterized by Equation (1.47)
and Equation (1.48). In case of an aggregate shock from the state (my, t) to my,0, the price P,
jumps up when

(Zac— Z1¢) (M2 — pa(my, 1)) <0
and down when the other inequality holds. Finally, the “x(i0; my, t)” defined in (1.45) satisfy

& 4 x(10; my, t) —x(10; my, t) —x (20; my, t) + K (20; my, )

= FZYCC;) det(( eq ec ))-det(( e1— e ec ))+O(Y)

for any state (my, t) of the economy.

3The + follows from the symmetry of the optimization, as discussed in the main text.
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Proof. 1start from the optimization over the liquid holdings 7 in the HJB equation 1.44. The
first-order condition for this optimization characterizes the optimal holdings 7 (i0; my, t) as
the unique solution to the equation

1
OZPc(mZ; t)"'mc_rpc(mZ,t)_rY(zic Zed zcc) 0
w(if; my, t)
(PC(mZ)O)_PC(mZ)t))' (A.47)
6(i; my, t; Mp)-
+ /laEM(ﬁlz) ‘e—ry(a(fe;rhz,o)+ﬂ(i9;m2,t)(Pc(rhg,O)—Pc(mz,t))—a(i&;mg,t))

+(1-0(i;my, t; M) -
.o~ 17(alif;my,0)+ 71 (i0;my, 1) (P (1112,0)— P (my, 1)) —a(if; my, 1))

In the asymptotic case of a small risk-aversion to the jump risks, as characterized by the
equations (1.47) and (1.48), this first-order condition becomes

1
0= P.(my, t) + me—rP.(my, t) -y (Zic Zed ch) 0

n(i0; my, t) (A.48)

+ Aa (EMU™) [P (1,0)] — P (ma, ) + O (y).
Equation (A.48) can be solved for 7 (i6; my, t) in closed-form. A direct calculation then shows

S 4 x(10; my, t) —x(10; my, t) —x(20; my, t) + K (20; my, 1)

= rzyj) det(( eq ec ))-det(( el —e

e ))+@’(y)

for any state (my, t). In particular, even if the “x” in the dynamic setting are different from
their counterparts in the stationary setting, they generate the same flow of surplus.*

Alternatively, aggregating (A.48) across the population and recalling the market-clearing con-
dition

EHOm20 (7(30; my, 1)] = S¢
that holds for any state (m;, t), yields the ODE

Pe(my, 1) = (r+A4) Pe(my, 1)

_ (A.49)
= — (me—ry (Znc(maz, 1) + OZ g + ScZee) + Ao BN [P, (112,0)]) + O (y).

4The “k”s are defined in Equation (1.21) in the stationary setting and in Equation (1.45) in the dynamic setting.
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for the price of the liquid asset. Deriving
Zpe(ma, 1) = Z1c+ (,Uz + (ma — 12) ff@mhl)t) (Z2c—2Z10)
from the type distribution (1.38) and taking as given the value
ko = Ao EMT™) [P, (72, 0)],
I can solve the ODE (A.49) in closed form under the no-bubble condition

lim e "Tp.(my, 1) =0.
— 00

The solution is

ko + k1 + ks (my) e—(112+/121)f,

P.(hyt) =
C( ) r+)Lu T+/1u+112+121

(A.50)

with the constants

A
ki=mc—ry (Zlc + 2 (Zoc—2Z16) +OZ g + Sczcc) ,

k> (ms) £_ ry (me — t2) (Zac — Z1c).

I must still find the constant ky. This is done by solving the linear equation

ko = AgEBMU™) [P (,0)]
ko+k EM072) (1)~
< k = Aa( r0++Aa1 -ry r+Aa+A122+/1l:12 (ch_zlc))

for k() .

Finally, I characterize how the price P, of the liquid asset reacts to an aggregate shock that
moves the economy from the state (uy, t) to the state (7712,0). Namely a direct calculation
based on Equation (A.50) shows how P, jumps up when

(Z2c = Z1¢) (1712 — p2(ma, 1)) <0

and down when the other inequality holds. O

Proof 50 (Proof of Proposition 14). In the asymptotic case described by the equations (1.47)
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and (1.48), the HJB equations (1.44) become

ra(if; my,t)
= a(if;my, 1) +x (i0; my, t; w(i0; my, 1))
+ A (a(i0;ma, 1) - a(i6;my, 1)
+2Au(i0; my, £) [a(i0; my, 1) — Py (ma, 1) (0 - 0) — a(i0; my, 1)]

[ 6(i;ma, t; 1712)-

[ al(i6; 12,0 + 7(i6; my, ) (P (7, 0) = P (ma, 1) | |’ (A.51)
+ A, EM0M) ( —a(if; my, 1) )
+(1=06(i;my, t;my))-
a(if; my,0) + m(i6; my, t) (P¢ (1M2,0) — P (my, 1))
( —a(if;my, t) )
+o(y)

with the optimal holdings “7(i0; m;, £)” being defined in Lemma 49 for any type i0 and state
(my, t). Further, the asymptotic behavior of Equation (1.46) characterizes the bargained price
P, as

Py (i, 1) = (@205 my, 1) — a(20; ma, 1) | L M2 1)~ al20ma, 1) ) .

—(a(10; my, t) — a(10; my, 1))

Just like in the stationary setting, it is convenient to first work with value function differences. 1
thus define

Ao(ma, £) £ a(10; my, 1) — a(20; my, 1) (A.52)
and
Ag(mp, 1) 4 a(20; my, t) — a(10; my, t). (A.53)

Using the HJB equations (A.51) on the right-hand side of the definition (A.52) and rearranging
yields

(r+A12+ A21 + Ag) Ag (Mg, 1) — Ag (my, 1)
=k (10;my, t;w(i0; my, 1)) —x (20; my, t; w(i0; my, 1))
—2Ap(i0; my, t) (Ao (my, 1) + Mo (Mo, 1))
+ Ao EMU) [71(i0; my, 1) (Pc (11, 0) — P (m, 1))]
+ A MU (1= 6(1; my, £;m2) — 6(2; ma, 15 1itp) Mg (12, )]

(A.54)

+o(y)
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The same procedure applied to the definition (A.52) yields

(r+ A1z + Aa1 + Aa) Ao (ma, 1) — A (ma, 1)
=k (20; my, t;7w(i0; my, t)) —x (10; mo, t; w(i0; My, t))
—2Ap(i6; my, t) (Ao (my, ) + Ao (M, 1))
+ A EMU2) [71(i0; my, 1) (P, (1112,0) — P (ma, 1))]
+ A EMU) (1= 6(1; my, t; M) — 8(2; ma, £ 7i1p) Ap (1112, )]

(A.55)

+o(y)

Finally, taking the difference of (A.54) and (A.55) and recalling the characterization of . in
Lemma 49 yields the ODE

(r + A1z + A21 + Ag +2A (op(10; ma, 1) + Ne (20, my, 1)) €10 (M2, 1) — €10 (M2, )

M (A.56)
=S + L EMU (1= 6 (1;ma, t; 112) — 6 (2; ma, 5 12)) €10 (1112, D)] + 0(Y)
for the surplus
e10(myz, 1) 2 — Ag(my, 1) — Ag(my, 1)
(é)a(lo; my, t) —a(1®;my, t) — a20; my, t) + a(20; my, ).
Defining
R(ma, 1) 2 7+ Aya + Aoy + Mg + 27 (nop(10; my, 1) +nopt(20; ma, 1)
and taking as given the function
F(my, 1) 2 A, EMU (1 6 (1; my, 15 171) — 6 (2; ma, 15 1)) €16 (112, 1],
the solution to the ODE (A.56) under the “no-bubble” condition
lim e " Te1o(ms, 1) =0
—00
is
S u 8} u
e(mo, ) :yf e~ Ji Rma,s) dsdu+f e~ Ji Rm9) ds i 1) du. (A.57)
t t
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Finally, I must still check the existence of F(my, t). F(my, t) must satisfy

A BMU) [(1 -8 (1; my, £ m2) — 8 (2 ma, £ 1712)) €10 (71, 1)]
A EMUT) (1 — 5 (1; my, t;110) — 6 (25 my, t;712))] - (A.58)
(0 e SR A qy g [0 ¢ RS 45 By, ) ).

F(my, 1)
o F(my, 1)

One checks that the right-hand side of this last equality, seen as the image of the function
u— F(my, u) by an operator, satisfies the Blackwell’s sufficient conditions for a contraction
(monotonicity and “discounting”). In particular, there is exactly one solution to the equality
(A.58), and this solution must be positive when .# is. Furthermore, this solution is increasing
in . and decreasing in A because the right-hand side of (A.58) is.

Given F, Equation (A.57) gives the surplus €19, and inspection shows that the surplus is also
positive when . is, increasing in .%, and decreasing in A.

Then, Equations (A.54) and (A.55) uniquely characterize Ag and Ay, respectively. This can be
shown by an argument similar to the one characterizing P, in Lemma 49. Finally, with €,
Ap, and Ay, four more arguments similar to the one in Lemma 49 uniquely characterize the
“a(if;my, 1)"s. O

Proof 51 (Proof of Proposition 15). I assume thatI can write

PC(mZ) t) = PC,O(m27 t) + rYPC,l(mZI t) + O(Y)r (A 59)
n(i0; ma, ) = 7c0(i0; M2, ) + Y71 (i0; Mg, 1) + 0(Y), '

for differentiable functions P, and {r;(i0; my, t};9. Injecting (A.59) into the first order con-
dition (A.47) for the optimal liquid holdings 7 (i8, my, t) and recalling the characterization of
P and {m((i6; my, t};p in Proposition 49 yields the equation

0= P, (my, 1) = rPs1(mp, 1) — rZccm1 (i0; my, 1)

[ P (7722,0) = P,y (m3,0)

70 (i0; my, t) (Pe,o (712, 0) — Peo (m2,0))
+8(i; my, 1) ag (10; /2, 0) (A.60)
+(1=6(i; myp, 1)) ag (i0; iy, 0) '
—ag (i0; my,0))

-(Pe,o (7712,0) = Pe g (m32,0))

+ A EMU

for P.; and {m(i0; my, t} ;9. Now, as
Sc = BFU9) [1(i0; my, t] = BFU9 [10(i6; my, ]
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it follows that
0=EF9 [, (i0; my, 1].
Aggregating Equation (A.60) across the population then yields

0= pc,l(er t) - rPC,l(mZ) t)
P (m2,0) — Py (mg2,0)

_ (A.61)
+ A EMOM Se (Peo (7712,0) = Pe g (m3, 0)) ,
+ (W (1m2,0) — W (m2, 1)) (Pc,0 (1712,0) — Pc g (m2,0))
with the notation
Wo (ma, 1) = BFIOM20 [ (i0; my, 0)] (S pma, 0)- a(ma, 1). (A.62)

for the average certainty equivalent across the population. Combining Equation (A.49) with
Equation (A.61) then yields

1 (E[Pc(m2,t+ do)l (my, 0] r)

E Pc(m27 t)
%_[ (Sczcc +AqE [ (PC,O - Pc,t)2’ (my, t)]) (A.63)
=ry +%'t (Sdzcd + ch) + O(Y) )
A B | (B89 1) (W (1723, 0) = W (s, 1)) (o, 1))

which is Expression 1.50 in the statement.

I still have to characterize the sensitivity of the expected returns

1 (E[Pc(my, t+ dDl(ma, 0] )
dt P.(my, 1) '

on the meeting rate A. On the right-hand side of (A.63), only the difference
W (m3,0) — W (mpy, 1)

asymptotically depends on A. Hence, I will first looks more carefully at W (my, t). It follows
from the definition (A.62) of the average certainty equivalent W and the asymptotic HJB
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equations (A.51) that

rWimg, t) — u(mp, t) - a(mp, t)
= p(mp, 1) -k (my, t;m(mp, )
+ (Mi2p(L;my, 1) = A1 p21; ma, 1)) Ao (my, 1)
+ (A21(20; ma, 1) = M12p(10; My, 1)) A (M2, 1)
+2A (20; ma, ) 1 (10; my, 1) '
+AaSc (EMU™) [P (112,0)] = Pe (ma, 1))
+ Mg (EMO2) (W (1722,0)] = W (m3,0))
+o(y)

Rearranging then yields the ODE
(r+Aa) Wmg, ) = W (mz, 1) = p(ma, 1) -k (mz, 1) + Ao EM [W (172, 0)]

for W(my, t). Under a “no bubble” condition, the unique solution to this ODE is

+00
W(mg, 1) = f e~ rHAW=0) 4 dy
t

r+,
+
-

+00 _
fo e—(r+/1a)uEM(Tn2) [/.L(ﬁ’tz,u)'K(ﬁ’lz,u)] du,
and I can characterize the quantity of interest as
+o00
W (1mp,0) — W (mg, t) = f e_(rm“)uu(ﬁlg, u) -k (Mo, u) du
0 (A.64)

+00
—f e~ ADW=D) (s u) -k (M, w) du.
t

Finally, combining Equation (A.64) with the result of Lemma 49 regarding the “x(i0; my, 1)”s,
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and those of Lemma 8 regarding the asymptotic type distribution yields

1
611\(W(ﬁig,O)—W(mg,t))+o(K)+6’(y)
-1
+00 1
:f e‘“”“)”@l(mg,u) ) K (1, u) du
0
-1
-1
+00 1
_f AU (1 1) U [eome, 0 du
t
-1

+00
- —yfo e_(”’l“)“(éﬂ(ﬁzg,u)—6#(m2,u)) du

Finally, recalling that

Sa
A2 °

Oulmp,u) = ———
g 2 HZ(mZJt)_%

is decreasing in u, (my, t) over the support of M», I conclude that
6% (W (1m12,0) — W (my, 1)) <0

exactly when
my <l (Mo, t).

Combining this last result with Lemma 49 completes the argument. O

Technical results

Lemma 52. Consider a smooth map H : Q — Q for some Q c R4, Ifforanyi=1,...,d, there
existsan <1 so that

0H;
0x;j

then H is a contraction in l, and has a unique fixed point.
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Proof of Lemma 52. Fix x, x, € Q and define, for ¢ € [0, 1],
A
x(t) = x1 + t(x2 — x1).

Then, forany i € {1,...,d},

. _H — '$ 0H; 2 1
|Hi(x2) = Hy(x)l = | [ Y 5—(x(0)(xj —x;) de
1 _|0H; 5
<) ; 7z, ) |xj—xj)dt

1
SZ(ijH)m]ax|x2j—x1j|f0 dt
j
<nllx® - x'.

The last claim follows from the Contraction Mapping Theorem (see [Stokey and Lucas, 1989,
Theorem 3.2, p.50]). O

Proposition 53. Let us consider the system of equations

0=rpr+ Y e Pirc 2 Fp), keql,...,d} (A.65)
ik

with the unknowns B = (B1,---, Ba) € R%. Then, this system admits a unique solution and this
solution is monotone decreasing in the components of K and c.

Proof of Proposition 53. 1write _ for the vector of § without S.

First note that there exists a unique smooth function
Gr = Gr(B-i, Kk, cx)
for which B = Gr(B_k, Kk, ci) is the unique solution to

rB+ Z Kkj eP=Pi 4 cr=0.
j#k

Furthermore, G is monotone increasing in the components of f_j, and monotone decreasing
ink; and ¢ for all j # k.

Then, I show that the functions Gy define a contraction by applying Lemma 52. Namely, I
first show that G maps a compact set into itself. Let me choose two real numbers L < U, and
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assume that for any k€ 11,...,d},

Bre LU,

For a given k, let me further define two functions, F ,f and F,g , that bound the function Fj

defined in (A.65). Namely,

rB+ ). Kkjeﬁ_U+ Ck éF,?(,B)
i#*
<F(B)
<F/(B) 2rp+ Y kijef L+
7k
Now, due to the monotonicity of Fy (-, B-k), if

0SFLU)=rU+ Y Kjk+ck

j#k
and
OZFIg(L)ZI‘L+ ZKjk+Ck
j#k
then

Gr(f-k) € [L, UL

But both (A.66) and (A.67) will hold for all k€ {1,...,d} as soon as

-1
U= max —
ke(l,..d} T

ZKjk+Ck)

i#k

and

-1
L< min —(ijk+ck).

ke{l,...d} 1 ik

Now, by the Implicit Function Theorem,

0p; r+ Yk kijeltb-0-hi’

(A.66)

(A.67)

which can be bounded strictly below 1, uniformly in B_i € [L, U4}, for L and U chosen as
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above. But then, Lemma 52 ensures the existence and uniqueness of a fixed point on [L, U 14.
Finally, as —L and U can be chosen arbitrarily large, the existence and uniqueness on R hold.

Monotonicity follows because
B* = lim G"(By)
n—oo

for any fixed g and G is monotone. O

Verification argument
Iintend to show that the HJB equations (1.13) actually describe an optimal behaviour.

Being more specific, on the one hand, a given agent with wealth w and type {0 maximizes

V(w,if) & maxE f e Pt (—e™%) ds| wo = w, ig0p = i0 |, (A.68)
¢ 0

under the conditions that follow.

e The budget constraint
dLU[: rwtdt—étdt+ dnt+0tdDdt‘FT[t(ch[—rPcdt)—Pddet

holds for a liquid holding process taking values in [-K, K], with K positive and large.®

¢ The price P, is the outcome of a bargaining with another agent;

e Forany T >0,

) T
Ei0 [ f (e7P e ") du| < +oo (A.69)
0
and
lim e PTEY [ 7Wr] = . (A.70)
T—o0

5See footnote 12 for conditions on K.
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On the other hand, the HJB equation for the problem above is

pV(w,if) = sup U(c)

C,7T

ov . B B
+%(w,19)(rw—c+ my+0mg + 7 (me—rP;))

+162V
2 0w?

+ ;7 (V(w,i0) - V(w,i6))

+ 2B [1gurpius (V(w = (0 - 0) Py, i0)) - V(w,1,0))],

wio)(1 0 7)z(1 0 7) (A7)

and Proposition 5 shows that there exists a unique solution of the form
V(w,i0) = —exp(-ry(w+a(if) + a))

to (A.71). It remains to show that the candidate V is the solution to the problem (A.68). This is
the object of the next proposition.

Proposition 54. If the risk aversiony is small enough, the function V is the solution to the HJB
equations (A.71) and the associated consumption and investment strategies are optimal.

Proof of Proposition 54. My argument comprises four steps.

* Lemma 55 shows that no admissible strategy can achieve an expected utility higher than

V.

» Lemma 56 shows that the strategy dictated by V is admissible when the risk aversion y
is small enough.

* Lemma 57 shows the strategy dictated by the HJB equations yields an expected utility

equalto V.

I first show that V represents an upper bound on the attainable expected utilities.

Lemma 55. If all the agents believe that their value function is given by V, then, for any
admissible consumption strategy ¢ financed by the trading strategy 7,

. o
V(w,if) = supEw”H [/ e P"U(cy) du].
¢ 0

Proof. First note that the beliefs regarding the value functions will already fix the outcome
of the Nash bargaining, meaning that both the price P, of the illiquid asset and the cross-
sectional distribution of types u are fixed.
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Let me choose an admissible consumption strategy c financed by the trading strategy =z, and a
time T > 0. Recalling the budget constraint,

T
E f e P U(c,) du+e TV wy,irfr)
0

T T
:Ef e‘p”U(cu)du+V(wo,i090)+[ d(e‘P”V(wu,iueu))]
0 0

V(wo, igBo) + foT e P U(cy) du
+lo (—pe PV (w 1u0.0) du+ i e d(V(wu, 1) ]
[ V(WO,iOHO)
U(cy) du
- pV(wy,i0,) du
(rwy—cy) du

+  3-(wy,iy0
=E aw( w lufu) +0u dDdu

—ou
+loe +7, (dDgy — 1P, du)
%%(wu,iueu)(l 0, nu)zi(l 0, nu) du
(V(wu, 1u04) - V(wy, in0)) AN},
+ max{0, V(wut(eu_'eu)PdriuQu) dNLT
| -Vwy,i,0,)
[ V(wo, i000)
Ul(cy) du
- pe PUV(wy,i,0,) du
v D wiba| T du
ow +9umd
. +m,(m;—rP;)
B +f0 e P B an(iy) dz,
+ g_w(wu;iueu) ag(iy) +0y04 |- dBd,u
ag(iy) +myo, dB¢u
%%(w,i@)(l 0, nu)Zi(l 0, nu) du
(V(wu, 000) = V(wy, i,0,)) AN,
+ max{0, V(wut(eu_‘eu)PdriuQu) dNZZL
-Vwy,i,0,)
2 (%),

with N’ being the idiosyncratic jump process driving the exposure changes and N the jump
process defining the meeting times on the OTC market.
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Now, defining

K1é(r7)2 sup e_z(“(ie“‘_‘)(l 0 ﬁ)Zi(l 0 ﬁ)*e[Re,
i0
#el-K,K]

and recalling the admissibility condition (A.70) on (c, ), I may write

! ~ a’n(lu) dz,
_oudV . .

E e P —(wy,1u0) | aa(in) +0u0q |- dBg,u
0 ow .

ag(iy) +m,0, dBc,u

_E fot(e‘P”g(wu,iueu))z(l 0, nu)zi(l 0, nu)*du

t
<K,E f e 2lourrywa) qy
0

<00.

In particular, in (), the stochastic integrals against the Brownian motions are true martingales,
and their expected values equal zero.

I now turn to the stochastic integrals against the Poisson processes. Keeping in mind the
admissibility condition (A.69),

t
fo |V (wy, 1404) = V(wy, i,0,)| du

—ry(a(iy0,)+a) _ e—ry(a(iu9u)+d)

t
f e "TWudy
0

But then, using a classical result (see, for example, Brémaud [1981][Lemma C4, p.235]),

5sup|e
i0

<00.

T .
E f e P (V(wy, 1,0,) — V(wy, i,0,)) dN:,]
0

=E .

T
fo e P Ns1, (Vwy, 140,) = V(wy, 1,0,)) du

Similarly,

E

fTe‘P”max 0 V(wut(eu—'eu)Pd,iueu) ng
0 —V(wy, iy04)

=E

T o V(wy,—0u—0,)Pg,i,0
f e‘PuzAp(iueu)max{O, Wy~ Ou=0u)Pa, 1ubu) }du}
0

_V(wu» iu04)
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I may thus write

[ 7 (wo, i0B0)
Ulcy)
— pe PV (wy,iy0y)
rwy —Cy
% . +m
+ g_x,(wuvlueu) "
(*):E T —pu +6umd d
+f0 e 70, (Me—1P) u
Y2l aw,i0) (1 6y mu)mi(L O )
3 V(wy—0u—0,)Pg, in0y)
+ 2A 0 0, _
_ iy u)max{ o o)
[ 7 (wo, i0Bo)
U(c)
- pe PV (wy,i,04)
rwy,—=¢
% . +m
+ g_xj(wu»lueu) L
<E T —pu -H9umd .
+Jo e7Ptsup; ; it (Mg — DY) u
%%(WLulueu)(l 0, ﬁ)Zi (1 0, ﬁ')
Aiia (V(wy, 140,) — V(wy, i,0,))
* 0 V(wy—Ou—01)Pg,1404)
+ 2A 0 0, _
- :u(lu u)max{ _V(wu,l‘ugu)
=V(wo,i000).

Taking things together, this means that, for any T > 0,

+ e_pTE [V(wT,iTBT)] .

T
V(WO, ipfp) = E f e_puU(Cu) du
0

Letting T become arbitrarily large in this last expression, recalling the admissibility condition
(A.70) satisfied by the strategy (c, ), and realizing that the process

(a(i:01) =0
can only take one of four finite values, yields

+ e_pTE [V(WT, iTGT)]

T
f e P"U(c,) du
0

V(LUO, i()@()) > lim E
T—o0
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>E ry(a(if)+a)

o0
f e P"U(c,) du
0

+ lim e PTE[-e """ | supe”
T—o0 i0

=E

f e P"U(c,) du
0

As the consumption and trading strategies were arbitrary, this concludes. O

I now propose a condition under which the strategy dictated by the HJB equations is admissi-
ble.

Lemma 56. Fory small enough, the strategy (¢;,7;) dictated by the optimization in the HJB
equation is admissible.

Proof. The candidate strategy must satisfy two admissibility properties. The first one is (A.69),
meaning

T L N\2
f (e_p”e_”’w“) du
0

Now, from Proposition 4, the optimal consumption policy is

E < 00.

1
cif,w)=r(w+a(if)+a) - )—/log(r),
and the resulting wealth dynamics are
1
dw, = (—r (a(if) + a) + —log(r)| dt+ dn¢+6;dDg, + 7, (dDg4,— rP4 dt) — P4 d0;.
Y

I may thus write

A

Ws— Wo
t 1
=f (—r (a(if) + a) + —log(r) + my + 0, mg + 7ty (me—rPc) | du—Pgq (01 —6))
0 Y

¢ aq(iy)+0,04 dBd,u
+ ciy) +myoe |- dBey
an(iu) dz,

In particular, recalling that the Brownian motions and Poisson processes are independent,

61 let the risk aversion coefficient go to zero, y — 0, and simultaneously scale up the diffusion coefficients, as
described in Equation (1.48).
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and defining, for £ = 0,

t 1
m[éf (—r(a(i9)+c'z)+—log(r)+mn+0umd +7A,(mc—1rP;)| du—Py(0:—06p),
0 Y

and
. 1
s?éf (1 6. #G00)z:| 6. |du,
0 (002

I know that the distribution of the wealth conditional on the history of the correlation shocks
and OTC trades is

g(wt |(iu9u)05ust) =N (mtrS?) .

Further, for ¢ = 0, and defining the two constants

K 4 min {—ra(i®)+0mgy+m(mc.—rP.)}

i0
e [-K,K]
and
1
Kgésup(l 0 n(i@))Zi 0 |,
i .
7(i6)

I can write both
1 _
m; = t(Kz +—log(r)—ra+ m,,) —|Pg4l Ay,
Y
and
S% < tKj.
As aresult,

T
:f e—ZpuE e—Zrywu] du
0

du

e 2PuE R [ e 2| (1.0, 0<0<u

e 2PUE e—2rymu+2(ry)zs§] du
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T _
S/ e—2pu—2r7u(Kg+%log(r)—ra+mn)+2ry\Pd|Ag+2u(ry)2K3 du
0
T _
Sezmqumgf e—2u(p+ry(K2+%log(r)—ra+m,,)—(ry)2K3] du
0

<00.

I must still show that the candidate policy satisfies the transversality condition (A.70), meaning
that

lim e *TE e_rYwT] =0.
T—o0

The argument is similar to the one in the first part. Namely, for a given T > 0,

e P E[e ] = PTE[E [ e (is0)pzsxi
A.72
g [oroT-rrme o) e
Now, recalling the choice
w1 p
a= ry( 1+ . +yme+log(r))
in (1.20), the exponent on the right-hand side of (A.72) is
1 22
—-pT—rymr+ E(ry) ST
fT -p- ry(%log(r) —r(a(iy0y) +a)+my+0,mg+ 7, (me— rPC)) d
= u
0 +1p?(1 00 2G00)2i(1 04 7(u0.*) (A73)

—1YPa (01 —00)

T 1
:f ry(—;+ra(iu9u)—1<(iu9u)) du—ryP; (@1 —0p).
0

Now, recall that the “x(i0)”s are independent of y in the asymptotic case defined by the
equations (1.47) and (1.48). Hence, for a small enough v, there exists an € > 0 for which

[

Finally, combining (A.72), (A.73), and (A.74),

1 T
—; +ra(i,0y) — K(iu9u)) du sf —edu=—€T. (A.74)
0

0< lim e_pTE[e_”’wT] < lim e MPalhog=rreT —
T—o0 T—o00
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as stated. O

The last step is to show that the beliefs are rational. In other words, I must show that the strategy
dictated by V and the HJB equations indeed generates an expected utility from consumption
equal to V.

Lemma 57. Assuming thatvy is small enough, in the sense of Lemma 56, and writing (¢, #t) for
the strategy dictated by the HJB equations, then

V(w,i0) =E U e P U(¢y)
0

Wwoy = w,iogo = l@] .

Proof. Thanks to the admissibility of the candidate policy, first, the process
t ~

(f e P"U(c,) du+e P*V(w,, iueu))

0 20

is a martingale and, second,

lim e ?TE [-e7T"T] =0.
T—o00

One may then conclude that

V(wo, ig0p) =E

)

T
f e P*U(e,) du
0

by an argument similar to the one in the proof of Lemma 55. O

This concludes the proof of Proposition 54. O
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Proof of Proposition 19. This proofis based on arguments in Garleanu [2009] and, more specif-
ically, in Section of that article. First, given a trading pattern on the OTC market, we know the
type dynamics. And given both the type dynamics and a vector of liquid holdings as described
in Assumption 18, the dynamics of the holdings in the liquid asset ¢ are also known.

Second, taking the vector of liquid holdings IT and the equilibrium mid-price P, as given,
the value functions must satisfy the HJB equation (2.10). When we let the coefficient of risk-
aversion y go to zero, and scale accordingly the diffusion coefficients, the equation (2.10)
becomes the HJB equation for a problem closely related to the original investor’s problem.
Namely, asymptotically, the equation (2.10) is the HJB equation for a problem in which the
value functions are given by

[ e TS Dk (i505,75) ds e = e
0 (B.1)

a(i6, ;1) S gl —Py [ e 57D do, 0;
_ftoo e rs=n (Pc +qlysn,_ — qlns<ns_) dms | 7,

and for which there is no control. The definition of the “k (i0, 7)”s is recalled in Equation (2.9)
in the main text. The problem (B.1) corresponds to investors who are risk-neutral and have
quadratic preferences on the asset holdings.! Now, as

Vv (w, iQ,j‘[;]:[) — _e*rY(wﬁLll(i@,n;l:[)er)’

1The formulation (B.1) thus draws an explicit link between two competing modeling of asset pricing with
search friction. The competing modeling are, on the one hand, the models based on Duffie et al. [2007], in which
utility is induced by consumption from wealth, and, on the other hands, models based on Lagos and Rocheteau
[2009], in which utility stems from holding the illiquid asset.
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optimizing the value functions
V (w,i0,7;1)

over I1 is equivalent to finding the vector IT that maximizes the functions
a(i6, ;1)

in (B.1). We characterize the optimal holdings IT by looking at deviations from II. Namely,
let us consider the deviation consisting of buying € units of the liquid asset c¢ at time ¢ and
going back to the optimal strategy I1 at the time of the next trade. When ¢ is small enough, the
difference between the value function under IT and under the deviation satisfies

ac (i0,m;11) — a(i0, m; 1)

€
T _—r(s—1) . . € = ¢
= e kK (i05, 75 +€) —x (ig05, 7
—E(PC+C])EH fl’ _rr( (S N N ) (S N S)) Ht — 6
—-e G(Pc+q1n,>nr_ _qln,<n,_) -
t
B €
. T —r(s—1) : er = €
. e 0,k (i,
6‘_(2_(Pc+q)+E]'[ t . ( 1 (S N s)) 9[ — 0
—e " (Pe+ qla,sn, — qla,<n,.) T, =
;=

For the deviation not to be profitable, this last expression must be non-positive. Further noting
that the process (715) s is constant over the interval [z, T), we have shown the inequality (2.11) in
the statement.

If 7 is the next jump of a Poisson process with intensity A;, then it has an exponential distribu-
tion with parameter A;. Combining the inequality (2.11),

Ar
r+A;

Tors 1
-5 4| =
j(; ¢ S] r+A;

yields the inequality (2.13).

E [e—TS] —
and

E

Starting our argument with a marginal sale of the liquid asset, instead of a marginal purchase,
yields the inequalities (2.12) and (2.14).
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Finally, if an investor is completing a purchase at time ¢, meaning that
Ty >Ty4—,

the effective current price for both a marginal purchase and a marginal sale is P, + g. As a
result, the inequality (2.12), or (2.14) when it applies, must hold with a marginal price of P, + g
instead of P, — g on the left hand-side. As a result, the inequality (2.11) becomes an equality. A
similar argument holds in case of a current sale of the liquid asset. O

Proof of Proposition 20. The proof is constructive. More specifically, the equilibrium is the
output of the algorithm that follows.

Algorithm 2: Calculating an equilibrium with transaction costs

Data: model parameters
Result: a mapping

q— (IL P:) (q)

associating a vector of holdings IT and a mid-price P, to any level of transaction costs
q
begin
Initialize g to 0 and initialize IT and P, to the equilibrium holdings and price in the setting
without transaction costs, as described in the first chapter of this dissertation
Derive the trading pattern p induced by I1

while not all entries of p are @ (no trade at all) do
For all the actual trades in p, calculate the threshold for the transaction costs beyond

which the first order conditions (2.11) and (2.12) cease to hold
set the entry (or entries) in p corresponding to the smallest of these thresholds to @
Recalculate IT using part 3 of Proposition 19
Recalculate P, with the market clearing condition
end

end

By construction, the output of the algorithm satisfies all the equilibrium conditions. O

Lemma 58. Assuming that the transaction costs q are small enough, the stationary distribution
of types is given by

2Au(1 ) p2l)
A2 '
Az1
A2’

u(1lb) =
pls) =pD
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p(lhs) =p(1h),
©(21b) =u(2),

A
p(2hb) =p(1h) ==,
A2

2Ap(1)p2D)

(2hs) =
H A21

with the masses of the types with two digits being those derived in the first version of the model.

Proof. The proof follows immediately from the flow equations. a
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8] The TRACE reporting System

The Trade Reporting And Compliance Engine (TRACE) is a program initiated in 2002 by the
National Association of Security Dealers (NASD). This program collects and disseminates
anonymized bond transaction data. This program is aimed at introducing post-trade trans-
parency on US bond markets, a major OTC market. A number of empirical studies find
that TRACE made it possible for all investors to trade at prices closer to the inter-dealer price.
TRACE is thus generally considered to have been a positive development, and similar programs
have been initiated.! 2

However, some recent evidence indicates that TRACE may have reduced trading volumes for
certain types of bonds. Hence, on certain bond markets, post-trade transparency moved two
popular measures of liquidity in opposite directions. Namely, bid-ask spreads dropped, as
did trading volumes. Furthermore, certain bond market participants expressed the view that
TRACE had been detrimental to market liquidity. A transparent OTC market, these market

participants argue, reduces the incentives to hold inventories and “make the market."3

1 Apparently, the reduction of the bid-ask spreads after the introduction of TRACE was driven by the improved
bargaining power of the bond investors. See Goldstein, Hotchkiss, and Sirri [2007], Bessembinder, Maxwell, and
Venkataraman [2006], and Edwards, Harris, and Piwowar [2007] for empirical discussing TRACE and bid-ask
spreads. Bessembinder and Maxwell [2008] provides a non technical discussion on the same topic, with a number
of institutional details. Green, Hollifield, and Schiirhoff [2007] discuss bid-ask spreads on the OTC market for
municipal bonds.

2For example, the Financial Industry Regulatory Authority (FINRA) now collects transaction data for securitized
products. See Hollifield, Neklyudov, and Spatt [2012] for an empirical analysis of opacity on the markets for
securitized products.

3Asquith, Covert, and Pathak [2013] find that TRACE decreased the trading volumes by up to 41.3% for certain
categories of bonds. Das et al. [2013] argues that TRACE made bond markets less liquid. Bessembinder and
Maxwell [2008] reports complaints by bond market investors about the introduction of TRACE and its adverse
effect on liquidity. Finally, bond dealers lobbied against the introduction of TRACE. Their main arguments are
summarized in NASD [2006] and largely overlap with the complaints in Bessembinder and Maxwell [2008].
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Proof 59 (Proof of Lemma 24 ). In the HJB equation (3.5), the first-order condition for the
optimization over the consumption rate ¢ is

U)-Vy(wz = 0
paN -yU(c) = —-aV(w,2)
& Ul = %V(w, z),

which is the second statement above. Solving for the optimal consumption now yields

Ul = $Vw,z2)
& —evC = _Qe—a(w+v(z)+f/)
Y
= a ) — L a
= c = Y(w+v(z)+v) Ylog(y).

Also, the concavity of the utility function U(-) ensures that the solution of the first-order
condition is a point of maximum. O

Proof 60 (Proof of Proposition 27). The proof of Proposition 27 is in six steps and proceeds
along the lines of Definition 26, the definition of a partial equilibrium.

step (i) We first assume that the function v(-) that characterizes the value functions is quadratic.
Namely,

v(z)=vg+v12+ v2z2

defines a partial equilibrium. Let us also assume that v» < 0, meaning that v(-) is strictly
concave.

step (ii) We derive the optimal purchasing policy, given v(-). Namely, a z-agent who was
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offered to trade at the price p solves the optimization
sup{v(z+4) - dp}.
q
The first-order condition yields a unique candidate,

T Q(z, p).

(D P
q=(v)" " (p-z="

By the concavity assumption on v(:), this candidate is a point of maximum, and Q(, ) is the

optimal purchase policy.

step (iii) We derive the optimal quoting policy given the purchasing policy Q(-,+) and v(-). Let

us consider a z-investor who was contacted by a z,-investor, accepted to provide a quote, and

observes the signal

Sa=Xzg+(1-X)C
with

X~B(,1); {(~w X, {:independent.
The optimal quote solves the maximization

sup EZ409 [ Q (24, p) p+ v (2= Q (20, P))| 5]
14

The first-order condition for this maximization is

g2 | Qv (2aP)p+Q(zap) ol =0
+v' (2= Q(2a p)) (-Qp(2a, P))
1 p-v
= ELGas) | 2P ( 70, _Z“) Sa| =0
-V
(2o (52 -2 -2
L(2ar50) p-nh P~ U _
< E 21}2 21}2 Za 2 2 * 21)2 %a|Sa 0
PN i(p— v1) —z—2EZ G [ z,]5,] = 0.
20»
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Now, given the definition of the signal in (D.1) and choosing s € R, Bayes’ rule yields

EZ G0t [ 2] 50 = 5]

=P[X =1]EZ% [z,]s,=5, X =1]
+P[X =0]EZLGo%) [z |5, =5, X =0]

=7EZGasd (7,12, =5, X =1] (D.3)
+(1-1)EZE0S 7,0 =5, X =0

=75+ (1-7)E¥E [z,]

=1s+(1-1).4.

Injecting (D.3) into (D.2) and solving for p yields
1 2 A
p=v1+20 §z+§(rsa+(l—r)ﬂ) =P(z,5,).

Again, the concavity of v(-) makes this candidate a point of maximum, and P(-,-) is the optimal
quoting policy.

step (iv) We derive the expected benefits resulting from providing a quote. Namely, let us
assume that a z-investor was asked for a quote by a z,-investor. If the z-investor accept to
issue a quote, she will receive the signal

Sa(w) =X(@)zq+ (1 -X(){=s (D.4)

and the optimal quote will be P(z,s), as defined in the step (iii). As a result, the expected
benefits resulting from providing a quote are

Ef(zarsu)

supEZ e [Q (24, p) p+ v (2~ Q (24 D)) — v(2)| 52 = s]]
p
= EZGas) [Ef‘z"’s“) [Q (24, P(2,5) P(z,9) + v (2= Q (24, ) — v0(2)| Sa = s]]

) (4?1 -1 -30-1) (M*+V) =241 - 1)z + Z?)
= - ?z EZGasd) | 127441~ 1) - 2)sq
+(41-3)15%

£ (%),

Given the definition of the signal s, in (D.4), the law of s, is , the cross-sectional distribution
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of types.! Plugging in the moments of s,, we can rewrite (%) as
() = _% (440? (1= 1) + (M2 +7) (412 = 3) - 2.4 2+ 2%),

which is a quadratic expression in z with a positive leading coefficient and a determinant
equal to

—;—l (4t -3)v37.

In particular, under the assumption (3.11), this determinant is always non-positive and the
expected benefits from quoting are always non-negative. In particular,

SUpE* e [Q 20, ) p+ (2= Q zar )| ]

A
A £ {z : B2 %asa)
p

2v(z)}=l]%

and, in the third line of the right-hand side of the HJB equation (3.10), taking the positive part
has no effect.

step (v) We derive the expected benefits resulting from asking for a quote. Combining the
results from steps (ii), (iii), and (iv), we calculate the expected benefits to a z-agent who just

1Choosing X€eR,

Plsq=x]=E[P[sq < x| X]]
=P[X=1]E[P[sq=x|X=1]]+P[X =0]E[P[sq < x| X =0]]
=1Plzg<x]+(1-7)P[{ <x]

= ((—o0,x]).

As aresult, sg ~ p.
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asked another agent for a quote to be

E:Z(zq,sz)

Lz eay SUp (=GP (zg,52) + v(2+ §) - v(2)
q

_Q(Zq;P(qusz))P(qusz) X
+v(z+Q(z4,P(24,52))) — v(2)
_Q(Zq;P(quSz))P(Zq;sz) X=1
+v(z+Q(z4,P(24,52))) — v(2)
_Q(Zq»P(Zq;sz))P(Zq»sz)
+v(z+Q(zg,P(2q,52))) — v(2)
_Q(qup(zq;za))P(Zq»Zu)
+v(z+Q(zq, P (24, 24))) — v(2)
~Q(zq, P(24,¢) P (24,0)
+v(z+Q(zg,P(24,())) — v(2)
) M (AT -T2 +9)+ T (41 -T2 +1)
=——v| —M(4T-3)1*+9)z
9 2 2
+(4(r-3)1°+9) 2

- Eg(Zq,Sz) Ef(Zq,SZ)

= P[X = 1]E¥ o)

+P[X = 0] E¥ @)

— TEf(Zq,Sz)

+(1-7) E¥ s

which is quadratic in the current type z.

step (vi) Using the assumption regarding v(-) in step (i) along with results in steps (iv) and (v),
we rewrite the HJB equation (3.10) as

0= %Uz (—4AM* (1 =3)T* +3) + 902 +4A (T - D) T° +2) V) — 11
+ (y+gA%((r—3)rz+3) vz—rvl)z
N (—%yr(fz —%1}2 (41 ((r -3)72 +3) +9r))z2.
For the equation to hold for any type z, it must be that
0 sV2 (—4A? (1 -3)72+3) + 902 +4A (T - D12 +2) V) - rvp

0 = p+3Al(T-3)7T°+3)va—r1)
0 = —%yroz—%v2(4/1((r—3)72+3)+9r)
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This system is linear in the coefficients vy, v1, and v, and admits the unique solution

yo? (4AM% (1 -3)1%+3) 902 —4A ((T-4) T2 +2) V)

Vo 8A((1—3)72+3)+18r
v U AyAdo?((-3)7°+3)
1 r T 4A((t—-3)72+3)+9r
9yro?
U2

T 8A((1-3)12+3)+18r

In particular, for these values of vy, v1, and v,, the function v(-) defined in step (i), the function
Q(,-) defined in step (ii), the function P(-,-) defined in step (iii), and the set A = R defined in
step (iv) satisfy all the conditions in Definition 26 and, thus, define a partial equilibrium of the
model.

Proof 61 (Proof of Corollary 29). The type dynamics of a are given by (3.2), meaning by
dZ[ =0 dBt + dgt, (D.5)

with the first term being the idiosyncratic variation of the exposure and the second term being
the discontinuous changes of exposure induced by trading.

Combining the trading strategy summarized in Section 3.2 and the equilibrium quoting and
purchasing strategies stated in Proposition 27, we characterize the possible jumps as follows.

1. When a requests a quote at time ¢ and the signal about her is correct, a’s type becomes
1 2
zi-+Q(21-,P(2q,21-)) = 3%t 3 (Tzi-+ 1 -1)4),
with z,; being the type of the quoter.

2. When a requests a quote at time ¢ and the signal about her is uninformative, a’s type
becomes

1 2
_Zq+§(TCr+(1_T)-/%);

Zi-+ Q(Zt—’P(ZLIrCr)) :3

with z; being the type of the quoter and {, being the uninformative signal.
3. When ais asked for a quote at time ¢ and receives an informative signal, a’s type becomes
zi-—Q(zr, P (21—, 2r)) =2 + % (2r-—(2r +(1-1).4)),
with z, being the type of the investor who requested a quote.

4. When a is asked for a quote at time ¢ and receives an uninformative signal, a’s type
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becomes
2
2= = Q2 P(21-,{q)) =2r + 3 (v2r- = (1g + 1= D).4)),

with z, being the type of the investor who requested a quote and {4 being the uninfor-
mative signal.

Combining (D.5), the four possible jumps we just characterized, and the distributional as-
sumptions in Section 3.2 yields the dynamics (3.12). O

Proof 62 (Proof of Proposition 31). We can derive from Corollary 29 that the generator A of
the type dynamics of a given agent is

1 4
(Af)(z):zf”(z)a§+f Y Ail f| B - f(2) |2 p@) dzdeg,

j=1

TN O N -

with

)L=(/11 Ad-1) AT 1(1—1))

and
—%Jl(l—r) § 1-% (;
T
ﬁ: —5./%(1—'[) 3 1 -3
cua-v ¥ 3 0
tua- o X

We can then derive the stationary Kolmogorov Forward Equation (KFE) from this generator,
and taking the Fourier transform of this KFE yields the equation 3.13. Deriving 3.13 once with
respect to w, evaluating at w = 0, and solving for

#(0)=iElz] ® i

shows that the first moment .# can be freely chosen. Deriving 3.13 twice and following the
same steps uniquely characterize the second moments of the stationary distribution of types
and, as a result, its variance. O
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